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■♥ ♦r❞❡r t♦ ❡♥r✐❝❤ t❤❡ ♠♦❞❡❧❧✐♥❣ ♦❢ ✢✉✐❞ ✢♦✇s✱ ✇❡ ✐♥✈❡st✐❣❛t❡ ✐♥ t❤✐s ♣❛♣❡r ❛ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥
t✇♦ ♠♦❞❡❧s ❞❡❞✐❝❛t❡❞ t♦ ❞✐st✐♥❝t r❡❣✐♠❡s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ▼❛❝❤
♥✉♠❜❡r ❛s t❤❡ ❧♦✇ ▼❛❝❤ ❝❛s❡ ✐s ❦♥♦✇♥ t♦ ✐♥❞✉❝❡ t❤❡♦r❡t✐❝❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ ✐ss✉❡s ✐♥ ❛ ❝♦♠♣r❡ss✐❜❧❡
❢r❛♠❡✇♦r❦✳ ❆ ♠♦✈✐♥❣ ✐♥t❡r❢❛❝❡ ✐s ✐♥tr♦❞✉❝❡❞ t♦ s❡♣❛r❛t❡ ❛ ❝♦♠♣r❡ss✐❜❧❡ ♠♦❞❡❧ ✭❊✉❧❡r ✇✐t❤ s♦✉r❝❡
t❡r♠✮ ❛♥❞ ✐ts ❧♦✇ ▼❛❝❤ ❝♦✉♥t❡r♣❛rt t❤r♦✉❣❤ r❡❧❡✈❛♥t tr❛♥s♠✐ss✐♦♥ ❝♦♥❞✐t✐♦♥s✳ ❆ ❣❧♦❜❛❧ st❡❛❞②
st❛t❡ ❢♦r t❤❡ ❝♦✉♣❧❡❞ ♣r♦❜❧❡♠ ✐s ❡①❤✐❜✐t❡❞✳ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ❛r❡ t❤❡♥ ♣❡r❢♦r♠❡❞ t♦ ❤✐❣❤❧✐❣❤t
t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ❝♦✉♣❧✐♥❣ ❜② ♠❡❛♥s ♦❢ ❛ r♦❜✉st ♥✉♠❡r✐❝❛❧ str❛t❡❣②✳
✶ ■♥tr♦❞✉❝t✐♦♥
◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦❢ ✢✉✐❞ ♠❡❝❤❛♥✐❝s ♣❤❡♥♦♠❡♥❛ ❛r❡ ♦❢ ❣r❡❛t ✐♥t❡r❡st ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ s♦❝✐❡t②
✐ss✉❡s s✉❝❤ ❛s t❤❡ ♣r❡✈❡♥t✐♦♥ ♦❢ ♥❛t✉r❛❧ ❤❛③❛r❞s ✭ts✉♥❛♠✐s✱ ✳ ✳ ✳ ✮✱ t❤❡ ❞❡s✐❣♥ ♦❢ ✇❛t❡r✲❜❛s❡❞ ❢❛❝✐❧✐t✐❡s
✭♥✉❝❧❡❛r r❡❛❝t♦rs✱ ✳ ✳ ✳ ✮✱ t❡sts ❢♦r ♥❡✇ ♠❡❞✐❝❛❧ tr❡❛t♠❡♥ts ✭♠♦❞❡❧❧✐♥❣ ♦❢ ❜❧♦♦❞✱ ✳ ✳ ✳ ✮ ♦r t❤❡ q✉❡st ❢♦r
♥❡✇ ❡♥❡r❣② s♦✉r❝❡s ✭✇❛t❡r✲t✉r❜✐♥❡s✱ ✳ ✳ ✳ ✮✳ ❊❛❝❤ ♦♥❡ ♦❢ t❤❡s❡ ✢✉✐❞ ✢♦✇s ❤❛s s♦♠❡ s♣❡❝✐✜❝ ❢❡❛t✉r❡s
✭❘❡②♥♦❧❞s ♥✉♠❜❡r✱ ▼❛❝❤ ♥✉♠❜❡r✱ ❋r♦✉❞❡ ♥✉♠❜❡r✱ ✳ ✳ ✳ ✮ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ s♣❡❝✐✜❝ r❡❣✐♠❡s ✭✈✐s❝♦✉s
✢♦✇s✱ ❝♦♠♣r❡ss✐❜❧❡ ✢♦✇s✱ ✳ ✳ ✳ ✮ ❛♥❞ r❡q✉✐r✐♥❣ s♣❡❝✐✜❝ ♥✉♠❡r✐❝❛❧ ❤❛♥❞❧✐♥❣s✳ ❉❡s✐❣♥✐♥❣ ❛♥ ❡✣❝✐❡♥t
♥✉♠❡r✐❝❛❧ str❛t❡❣② ♠✉st t❤✉s t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤♦s❡ s♣❡❝✐✜❝ r❡❣✐♠❡s✳ ❚❤❡ r❡s✉❧t✐♥❣ ❝♦❞❡ ♠✉st ♥♦t
♦♥❧② ❜❡ ❛❝❝✉r❛t❡ ❛t t❤❡ s♣❡❝✐✜❝ ❝♦♥❞✐t✐♦♥s ✐t ✐s ❞❡s✐❣♥❡❞ ❢♦r✱ ❜✉t ❛❧s♦ ❜❡ r♦❜✉st ✇❤❡♥ ✢♦✇ ❝♦♥❞✐t✐♦♥s
❡✈♦❧✈❡ ♦✈❡r ❛ ✇✐❞❡r r❛♥❣❡✳ ■♥❞❡❡❞✱ ❡✈❡♥ ✐❢ st❛♥❞❛r❞ ❝♦♥✜❣✉r❛t✐♦♥s ❝♦rr❡s♣♦♥❞ t♦ s♠❛❧❧ ✈❛❧✉❡s ♦❢ ❛
❣✐✈❡♥ ♣❛r❛♠❡t❡r✱ t❤❡ ❝♦❞❡ ♠✉st ❜❡ ❛❜❧❡ t♦ ❝♦♣❡ ✇✐t❤ ✉♥✉s✉❛❧ s✐t✉❛t✐♦♥s ✇❤❡r❡ t❤✐s ♣❛r❛♠❡t❡r ✐♥❝r❡❛s❡s
❞r❛♠❛t✐❝❛❧❧②✳
■♥ t❤❡ ♣r❡s❡♥t ✇♦r❦✱ ✇❡ ❢♦❝✉s ♦♥ ▼❛❝❤✲♣❛r❛♠❡tr✐③❡❞ ✢✉✐❞ ✢♦✇s✳ ❲❡ r❡❝❛❧❧ t❤❛t t❤❡ ▼❛❝❤ ♥✉♠❜❡r
✐s t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ ✢♦✇ ✈❡❧♦❝✐t② ❛♥❞ t❤❡ s♣❡❡❞ ♦❢ s♦✉♥❞✳ ❚❤✐s ❝❤❛r❛❝t❡r✐st✐❝ ♥✉♠❜❡r r❛♥❣❡s
❢r♦♠ 0 ✭❡✳❣✳ ✐♥❝♦♠♣r❡ss✐❜❧❡ ✢♦✇s✮ t♦ ❧❛r❣❡ ✈❛❧✉❡s ✭❤②♣❡rs♦♥✐❝ ✢♦✇s✮ ✇✐t❤ ❛ ❧❛r❣❡ s♣❡❝tr✉♠ ♦❢ q✉✐t❡
❞✐✛❡r❡♥t ❜❡❤❛✈✐♦✉rs✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ✐ss✉❡ ♦❢ ❧♦✇ ▼❛❝❤ ♥✉♠❜❡r ✢♦✇s ❤❛s ❧♦♥❣ ❜❡❡♥ ❛❞❞r❡ss❡❞ ✐♥ t❤❡
❧✐t❡r❛t✉r❡✳ ❋r♦♠ ❛ t❤❡♦r❡t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡ ❢♦r♠❛❧ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s t♦ ❛ ❣✐✈❡♥ ❝♦♠♣r❡ss✐❜❧❡
✭♠♦st❧② ❜❛r♦tr♦♣✐❝✮ ♠♦❞❡❧ t♦✇❛r❞s s♦❧✉t✐♦♥s t♦ t❤❡ r❡❧❛t❡❞ ✐♥❝♦♠♣r❡ss✐❜❧❡ s②st❡♠ ✇❛s ♣r♦✈❡♥ ✐♥ t❤❡
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❝❛s❡ ♦❢ ❣❡♥❡r❛❧ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ✇❛s st✉❞✐❡❞ ❜② ❙❝❤♦❝❤❡t ❬✹✷❪✳ ❚❤❡ ❡①t❡♥s✐♦♥ t♦ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥s ✇❛s
❛❝❤✐❡✈❡❞ ❜② ❉❡s❥❛r❞✐♥s ❡t ❛❧✳ ❬✶✺❪✳ ❚❤❡ ❝♦♥❝❧✉s✐♦♥ ❞r❛✇♥ ✐♥ t❤❡s❡ ✇♦r❦s ✐s t❤❛t t❤❡ ✐♥✐t✐❛❧ ❡①✐st❡♥❝❡
♦❢ t♦♦ ❧❛r❣❡ ✈❛r✐❛t✐♦♥s ♦❢ ♣r❡ss✉r❡ ♣❡rs✐st ❛♥❞ ❞❛♠❛❣❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✇✐t❤ t❤❡ ▼❛❝❤ ♥✉♠❜❡r✳ ❚❤✐s
✐♥❛❝❝✉r❛❝② ❛❧s♦ ♦❝❝✉rs ❢r♦♠ ❛ ♥✉♠❡r✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇ ❬✶✸✱ ✷✶✱ ✷✷✱ ✹✽❪ ✇❤❡r❡ s♣✉r✐♦✉s ♣r❡ss✉r❡ ❛♥❞
✈❡❧♦❝✐t② ✇❛✈❡s ❛♣♣❡❛r✳ ❚❤✐s ✐s ♥♦t t❤❡ ♦♥❧② s♣❡❝✐✜❝ ♥✉♠❡r✐❝❛❧ ✐ss✉❡✳ ■♥❞❡❡❞✱ t❤❡ ❞✐s♣❛r✐t② ♦❢ ♦r❞❡rs
♦❢ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ▼❛❝❤ ♥✉♠❜❡r r❡s✉❧ts ✐♥ ❛ ❧❛r❣❡ r❛♥❣❡ ♦❢ t✐♠❡ s❝❛❧❡s ✇❤✐❝❤ ♠❛✐♥❧② ✐♥✢✉❡♥❝❡s t❤❡
❝♦♠♣✉t❛t✐♦♥s✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ❡①♣❧✐❝✐t s❝❤❡♠❡s ❛r❡ ♦✈❡r✲❝♦♥str❛✐♥❡❞ ❜② ❛♥ ❛❝♦✉st✐❝ ❈❋▲ ❝♦♥❞✐t✐♦♥✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐♠♣❧✐❝✐t s❝❤❡♠❡s ♠❛② ❤❡❧♣ ✐♠♣r♦✈❡ ❡✣❝❡♥❝② ✇✐t❤♦✉t ❛♥② st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ❜✉t ❛t
t❤❡ ❡①♣❡♥s❡ ♦❢ ❛❝❝✉r❛❝② ❛s ♣❤❡♥♦♠❡♥❛ ❛t t❤❡ ✢♦✇ t✐♠❡ s❝❛❧❡ ♠✐❣❤t ❞✐s❛♣♣❡❛r ❞✉❡ t♦ ❛ t♦♦ ❧❛r❣❡ t✐♠❡
st❡♣✳
❙❡✈❡r❛❧ ♥✉♠❡r✐❝❛❧ str❛t❡❣✐❡s ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ t♦ t❛❝❦❧❡ t❤✐s ✐ss✉❡ ❜② ❛❞❛♣t✐♥❣ ❡✐t❤❡r ❝♦♠♣r❡ss✐❜❧❡ ♦r
✐♥❝♦♠♣r❡ss✐❜❧❡ s♦❧✈❡rs t♦ t❤❡ ❧♦✇ ▼❛❝❤ r❡❣✐♠❡✳ ❚❤❡ ❧❛tt❡r ❝❛s❡ ❡ss❡♥t✐❛❧❧② ❝♦♥s✐sts ✐♥ ❞❡r✐✈✐♥❣ ❛♥ ❡❧❧✐♣t✐❝
❡q✉❛t✐♦♥ ❢♦r p ❬✻✱ ✷✻✱ ✸✼❪✳ ❆s ❢♦r ❝♦♠♣r❡ss✐❜❧❡ s♦❧✈❡rs✱ ♠❛♥② ❛♣♣r♦❛❝❤❡s ❤❛✈❡ ❜❡❡♥ st✉❞✐❡❞✿ ❛ ❝❧❛ss✐❝❛❧
♦♥❡ ❧✐❦❡ ✐♥ ❬✷✾❪ ❝♦♥s✐sts ✐♥ ❛ t✐♠❡ s♣❧✐tt✐♥❣ ♠❡t❤♦❞ ✇✐t❤ ❛♥ ✐♠♣❧✐❝✐t tr❡❛t♠❡♥t ♦❢ t❤❡ ❛❝♦✉st✐❝ ♣❛rt
❛♥❞ ❛♥ ❡①♣❧✐❝✐t ♦♥❡ ❢♦r t❤❡ ♠❛t❡r✐❛❧ ♣❛rt✳ ■♥ ❬✷✶✱✷✷❪✱ ●✉✐❧❧❛r❞ ❛♥❞ ❤✐s ❝♦✲✇♦r❦❡rs ❜❧❛♠❡ t❤❡ ♥✉♠❡r✐❝❛❧
❞✐ss✐♣❛t✐♦♥ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ✐♥st❛❜✐❧✐t✐❡s ❛t ❧♦✇ ▼❛❝❤ ♥✉♠❜❡r✳ ▼♦❞✐✜❝❛t✐♦♥s ♦❢ st❛♥❞❛r❞ ❘✐❡♠❛♥♥
s♦❧✈❡rs ❛r❡ t❤❡r❡❜② ❞❡r✐✈❡❞ t❤r♦✉❣❤ ❛♥ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▼❛❝❤ ♥✉♠❜❡r ✐♥❥❡❝t❡❞
✐♥t♦ t❤❡ ❞✐s❝r❡t❡ ❢♦r♠✉❧❛t✐♦♥✳ ■♥ ❬✶✸❪✱ ❉❡❧❧❛❝❤❡r✐❡ ♣❡r❢♦r♠❡❞ ❛♥ ❛♥❛❧②s✐s s✐♠✐❧❛r t♦ ❙❝❤♦❝❤❡t ❬✹✷❪✿ r❡❧②✐♥❣
♦♥ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs ✐♥t♦ ❢❛st ❛♥❞ s❧♦✇ ♣❛rts✱ t❤❡ ❛✉t❤♦r ❝♦♠♣❛r❡❞ ❦❡r♥❡❧s ♦❢
❝♦♥t✐♥✉♦✉s ❛♥❞ ❞✐s❝r❡t❡ ♦♣❡r❛t♦rs✳ ❲❡ ❛❧s♦ ♠❡♥t✐♦♥ ❛♥ ✐♥t❡r♠❡❞✐❛t❡ ❛♣♣r♦❛❝❤ ❬✶✶❪ ✇❤❡r❡ t❤❡ ❍♦❞❣❡
❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ✉s❡❞ t♦ s✐♥❣❧❡ ♦✉t t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ♣❛rt ✇✐t❤✐♥ t❤❡ ❝♦♠♣r❡ss✐❜❧❡ ♠♦❞❡❧ ❛♥❞ t❤❡ ✇♦r❦
♦❢ ❈❤❛❧♦♥s ❡t ❛❧ ❬✼❪ ✇❤❡r❡ ❛ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ✐s ❞❡s✐❣♥❡❞ ✐♥ ❛♥ ❛s②♠♣t♦t✐❝✲♣r❡s❡r✈✐♥❣ ❢r❛♠❡✇♦r❦✳
❚❤❡r❡ ❛r❡ s♦♠❡ ✐♥❞✉str✐❛❧ ❢r❛♠❡✇♦r❦s ✇❤❡r❡ ❛tt❡♥t✐♦♥ ✐s ❞r❛✇♥ t♦ st❡❛❞② st❛t❡s✳ ❙t❛t✐♦♥❛r② st❛t❡s ❝❛♥
❜❡ ✉s❡❢✉❧ t♦ ♣r♦✈✐❞❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ s②st❡♠ ❛s ✇❡❧❧ ❛s t♦ ✐♥✐t✐❛❧✐③❡ ❝♦♠♣✉t❛t✐♦♥s ❢♦r st❛❜✐❧✐t②
st✉❞✐❡s✳ ❚❤❛t ✐s ✇❤② tr❛♥s✐❡♥t st❛t❡s ❝♦✉❧❞ ❜❡ ❧❡ss ✐♠♣♦rt❛♥t✳ ▼♦st ❝♦♠♠♦♥ t❡❝❤♥✐q✉❡s t♦ ❢❛st❡♥
t❤❡ ❝♦♥✈❡r❣❡♥❝❡ t♦✇❛r❞s t❤❡s❡ st❛t❡s r❡❧② ♦♥ ♣r❡❝♦♥❞✐t✐♦♥✐♥❣ ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✷✺✱ ✸✺✱ ✹✼❪ ♠❛✐♥❧② ❢♦r
❝♦♠❜✉st✐♦♥ ❛♣♣❧✐❝❛t✐♦♥s✮✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ♣s❡✉❞♦✲✉♥st❛t✐♦♥❛r② s✐♠✉❧❛t✐♦♥s ❝❛♥ ❜❡ ❝❛rr✐❡❞ ♦✉t ❢♦r
s②st❡♠s t❤❛t ❛❞♠✐t t❤❡ s❛♠❡ st❡❛❞② st❛t❡s ❛s t❤❡ st✉❞✐❡❞ ♠♦❞❡❧✱ ✇✐t❤ ✈✐s❝♦✉s ❡✛❡❝ts ❬✸✺❪ ♦r ✇✐t❤♦✉t ❬✹✼❪✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ▼❛❝❤ ♥✉♠❜❡r tr❛♥s❢♦r♠❛t✐♦♥ ♣r❡s❡♥t❡❞ ✐♥ ❬✷✺❪ ❝♦♥s✐sts ✐♥ ❛ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s
p→ p− pref ✇❤❡r❡ pref ✐s ❝❤♦s❡♥ s✉❝❤ t❤❛t t❤❡ r❡s✉❧t✐♥❣ ♣r❡ss✉r❡ ✈❛r✐❛❜❧❡ ✐s ♣♦s✐t✐✈❡ ❛♥❞ t❤❡ s♣❡❡❞ ♦❢
s♦✉♥❞ ✐s ❧♦✇❡r❡❞ ✐♥ ♦r❞❡r t♦ r❡❧❛① t❤❡ t✐♠❡ ❝♦♥str❛✐♥t✳
❚❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ❛♣♣r♦❛❝❤❡s t♦ ❧♦✇ ▼❛❝❤ r❡❣✐♠❡s r❡❧② ♦♥ ❛ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ st❛♥❞❛r❞ ♥✉♠❡r✐❝❛❧
s❝❤❡♠❡s✳ ❆ s✐❣♥✐✜❝❛♥t❧② ❞✐✛❡r❡♥t str❛t❡❣② ❝♦♥s✐sts ✐♥ ♠♦❞✐❢②✐♥❣ t❤❡ ❡q✉❛t✐♦♥s t❤❛♥❦s t♦ ❛♥ ❛s②♠♣t♦t✐❝
❡①♣❛♥s✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▼❛❝❤ ♥✉♠❜❡r✳ ❆ ♥❛t✉r❛❧ ✐❞❡❛ ✇♦✉❧❞ ♠❛❦❡ t❤❡ ❝♦♠♣r❡ss✐❜❧❡ ♠♦❞❡❧
r❡♣❧❛❝❡❞ ❜② ✐ts ✐♥❝♦♠♣r❡ss✐❜❧❡ ❝♦✉♥t❡r♣❛rt ✐♥s♦❢❛r ❛s ✐t ✐s ✐ts ✭s✐♥❣✉❧❛r✮ ❧✐♠✐t✳ ◆❡✈❡rt❤❡❧❡ss✱ s✉❝❤ ♠♦❞❡❧s
❝❛♥♥♦t ❛❝❝♦✉♥t ❢♦r ❧❛r❣❡ ❞❡♥s✐t②✴t❡♠♣❡r❛t✉r❡ ✈❛r✐❛t✐♦♥s t❤❛t ❛r❡ ♣r❡s❡♥t ❡✈❡♥ ❢♦r s❧✐❣❤t❧② ❝♦♠♣r❡ss✐❜❧❡
✢♦✇s✳ ❆s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s ❡♥❛❜❧❡ t♦ ❝♦♥str✉❝t ❛ ❤✐❡r❛r❝❤② ♦❢ ✐♥t❡r♠❡❞✐❛t❡ ♠♦❞❡❧s ✭❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡
♦r❞❡r ♦❢ t❡r♠s t❤❛t ❛r❡ ❦❡♣t ♦♥✮ t❤❛t ♣r❡s❡r✈❡ t❤❡r♠♦❞②♥❛♠✐❝ ❡✛❡❝ts✳ P✐♦♥❡❡r✐♥❣ ✇♦r❦s ✇❡r❡ ❞❡✈♦t❡❞
t♦ t❤❡ ♠♦❞❡❧❧✐♥❣ ♦❢ ❝♦♠❜✉st✐♦♥✳ ❙❡❡ ♣❛♣❡rs ❢r♦♠ ❙✐✈❛s❤✐♥s❦② ❬✹✺❪✱ ▼❛❥❞❛ ❛♥❞ ❝♦✲✇♦r❦❡rs ❬✸✷✱✸✸❪✱ ✇❤❡r❡
❧♦✇ ▼❛❝❤ ♠♦❞❡❧s ✇❡r❡ ❞❡r✐✈❡❞✳ ❲❡ ❛❧s♦ ♠❡♥t✐♦♥ ♠♦r❡ r❡❝❡♥t ✇♦r❦s ✐♥ t❤❡ ♥✉❝❧❡❛r ❢r❛♠❡✇♦r❦ ❬✹✱✺✱✶✷❪✳
❚❤❡s❡ ♠♦❞❡❧s ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ ✜❧t❡r✐♥❣ ♦✉t ♦❢ t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡s ❬✸✾❪ ✇❤♦s❡ ❝♦♥s❡q✉❡♥❝❡ ✐s t❤❡
❝♦✲❡①✐st❡♥❝❡ ♦❢ t✇♦ ♣r❡ss✉r❡ ✜❡❧❞s✳ ❆ ♥♦♥✲❤♦♠♦❣❡♥❡♦✉s ❞✐✈❡r❣❡♥❝❡ ❝♦♥str❛✐♥t r❡♣❧❛❝❡s t❤❡ ❝❧❛ss✐❝❛❧
❡♥❡r❣② ❡q✉❛t✐♦♥ ✭♦r t❤❡ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥✮✳ ❆ ♠❛❥♦r ❝♦♥s❡q✉❡♥❝❡ ✐s t❤✉s t❤❡ ❝❤❛♥❣❡ ♦❢ ♥❛t✉r❡ ♦❢
t❤❡ s②st❡♠ ♦❢ P❉❊s✿ ❢♦r ✐♥st❛♥❝❡✱ t❤❡ ❧♦✇ ▼❛❝❤ ♠♦❞❡❧ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❤②♣❡r❜♦❧✐❝ ❊✉❧❡r ❡q✉❛t✐♦♥s
✐s ❡❧❧✐♣t✐❝✕❤②♣❡r❜♦❧✐❝ ❛s ❞❡t❛✐❧❡❞ ❜❡❧♦✇✳ ❚❤❡ r❡s✉❧t✐♥❣ ♠♦❞❡❧ ❝❛♥ t❤❡♥ ❜❡ s✐♠✉❧❛t❡❞ ❜② ♠❡❛♥s ♦❢ ♥❡✇
♥✉♠❡r✐❝❛❧ str❛t❡❣✐❡s✳ ◆♦t✐❝❡ t❤❛t ✉♥st❡❛❞② s♦❧✉t✐♦♥s ♦❢ ✶❉ ✈❡rs✐♦♥s ♦❢ t❤❡s❡ ❧♦✇ ▼❛❝❤ ♥✉♠❜❡r ♠♦❞❡❧s
❝❛♥ ♦❢t❡♥ ❜❡ ❡①♣❧✐❝✐t❧② ❡①♣r❡ss❡❞ ❬✺✱✹✺❪✳ ▼♦r❡ ❣❡♥❡r❛❧ ♠♦❞❡❧s ❛r❡ ❞❡r✐✈❡❞ ✐♥ ❬✷✾❪ ✇✐t❤ ✶ t✐♠❡ ✴ ✷ s♣❛❝❡
s❝❛❧❡s ✭❛ t❤✐r❞ ♣r❡ss✉r❡ ✜❡❧❞ ✐s t❤❡♥ ♥❡❝❡ss❛r② ✐♥ t❤❡ ♠♦❞❡❧❧✐♥❣✮ ❛♥❞ ✐♥ ❬✹✸❪ ✇✐t❤ ✷ t✐♠❡ ✴ ✷ s♣❛❝❡ s❝❛❧❡s
✷
x
α(t)
❇♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s
❇♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s
▲♦✇ ▼❛❝❤ ♥✉♠❜❡r ♠♦❞❡❧ ❈♦♠♣r❡ss✐❜❧❡ ♠♦❞❡❧
❚r❛♥s♠✐ss✐♦♥ ❝♦♥❞✐t✐♦♥s
❋✐❣✉r❡ ✶✿ ❈♦✉♣❧✐♥❣ str❛t❡❣②
❞❡♣❡♥❞✐♥❣ ♦♥ ❝❤❛r❛❝t❡r✐st✐❝ t✐♠❡ ✴ ❧❡♥❣t❤ s❝❛❧❡s ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ❡①♣❡r✐♠❡♥t✳
❆❧t❤♦✉❣❤ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ♥❡✇ ♠♦❞❡❧s ②✐❡❧❞ ❛ ❣♦♦❞ ❜❛❧❛♥❝❡ ❜❡t✇❡❡♥ ♣❤②s✐❝❛❧ ❝♦♥t❡♥t ❛♥❞ ❝♦♠♣✉✲
t❛t✐♦♥❛❧ ♣❡r❢♦r♠❛♥❝❡✱ t❤❡② ♠✐❣❤t ❜❡❝♦♠❡ ✉♥r❡❧❡✈❛♥t✳ ■♥❞❡❡❞✱ ♥♦t❤✐♥❣ ❡♥s✉r❡s t❤❛t t❤❡ ♦✈❡r❛❧❧ s②st❡♠
✇♦✉❧❞ r❡♠❛✐♥ ✐♥ t❤❡ r❡❣✐♠❡ ✇❡ ❛r❡ ❢♦❝✉s✐♥❣ ♦♥✳ ❚❤❡ ❤❡❛t r❡❧❡❛s❡ ❢♦r ❡①❛♠♣❧❡ ♠✐❣❤t ♠❛❦❡ t❤❡ ✈❡❧♦❝✐t②
✜❡❧❞ ✐♥❝r❡❛s❡ s♦ t❤❛t t❤❡ ❧♦❝❛❧ ▼❛❝❤ ♥✉♠❜❡r ❝♦✉❧❞ ♥♦t ❜❡ ❝♦♥s✐❞❡r❡❞ s♠❛❧❧ ❛♥②♠♦r❡✳ ❊✈❡♥ ✐❢ t❤❡ ❢❛✐❧✉r❡
♦❢ ♦✉r ♠❛✐♥ ❛ss✉♠♣t✐♦♥ ✐s ❧♦❝❛❧✐③❡❞ ✐♥ t✐♠❡✴s♣❛❝❡✱ ✐t ❤❛s t♦ ❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳ ❚❤❛t ✐s ✇❤② ✇❡
✐♥✈❡st✐❣❛t❡ ✐♥ t❤✐s ♣❛♣❡r ❛ ♥❡✇ ♣❛t❤✇❛② ✐♥ ♠♦❞❡❧❧✐♥❣ ❧♦✇ ▼❛❝❤ ♥✉♠❜❡r ✢♦✇s ✇❤✐❝❤ ✐♥❝♦r♣♦r❛t❡s t❤❡
♣❛r❡♥t ❝♦♠♣r❡ss✐❜❧❡ ♠♦❞❡❧✳ ❆❝t✉❛❧❧②✱ ✇❡ ❛✐♠ ❛t ❝♦✉♣❧✐♥❣ t❤❡ ❝♦♠♣r❡ss✐❜❧❡ ❊✉❧❡r ❡q✉❛t✐♦♥s ✇✐t❤ ✐ts ❧♦✇
▼❛❝❤ ♥✉♠❜❡r ❛♣♣r♦①✐♠❛t✐♦♥ t❤r♦✉❣❤ ❛♥ ✐♥t❡r❢❛❝❡ ♠♦✈✐♥❣ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡
▼❛❝❤ ♥✉♠❜❡r ✭s❡❡ ❋✐❣✉r❡ ✶✮✳
■♥t❡r❢❛❝❡s ❛r❡ ✐♥❤❡r❡♥t ✐♥ ✢✉✐❞ ♠❡❝❤❛♥✐❝s✳ ❲❡ ❣✐✈❡ ❛ ❜r✐❡❢ ♦✈❡r✈✐❡✇ ♦❢ t❤✐♥ ✐♥t❡r❢❛❝❡s ❜❡❧♦✇✳✶ ❚❤❡② r❛✐s❡
s❡✈❡r❛❧ ♠♦❞❡❧❧✐♥❣✱ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ ✐ss✉❡s✱ s✉❝❤ ❛s t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ✐♥t❡r❢❛❝❡s✱ ✐♥❢♦r♠❛t✐♦♥
t❤❛t ❝❛♥ ❜❡ s♣❡❝✐✜❡❞ ❛❝r♦ss ✭tr❛♥s♠✐ss✐♦♥ ❝♦♥❞✐t✐♦♥s✮✱ t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡ ❝♦✉♣❧✐♥❣ ♣r♦❜❧❡♠ ♦r t❤❡
❣✉❛r❛♥t❡❡ t❤❛t t❤❡ ♥✉♠❡r✐❝❛❧ tr❡❛t♠❡♥t ♦❢ t❤❡ tr❛♥s♠✐ss✐♦♥ ❝♦♥❞✐t✐♦♥s ✇♦✉❧❞ ♥♦t ❣❡♥❡r❛t❡ ✉♥♣❤②s✐❝❛❧
♣❤❡♥♦♠❡♥❛✳ ■♥t❡r❢❛❝❡ ♠♦❞❡❧❧✐♥❣ ❝❛♥ ❜❡ s♣❧✐t ✐♥t♦ t✇♦ ♠❛✐♥ ❝❛t❡❣♦r✐❡s✿
❼ P❤②s✐❝❛❧ ✐♥t❡r❢❛❝❡s✿ t❤❡ ✐♥t❡r❢❛❝❡ ❝♦rr❡s♣♦♥❞s t♦ ❛ ❞✐s❝♦♥t✐♥✉✐t② s✉r❢❛❝❡ ♦r t♦ ❛ ❝❤❛♥❣❡ ♦❢ ♣❤②s✐❝❛❧
♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✢♦✇✳ ❋♦r ❡①❛♠♣❧❡✱ ❛ ❜✉❜❜❧② ✢♦✇ ❝❛♥ ❜❡ ♠♦❞❡❧❧❡❞ ❜② ♠❡❛♥s ♦❢ ❞✐✛❡r❡♥t P❉❊s
❢♦r ❡❛❝❤ ♣❤❛s❡ ❬✶❪✳ ❚❤❡ ✐♥t❡r❢❛❝❡ ♠❛t❝❤❡s t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡ ❜✉❜❜❧❡✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱ ✐t ♦❝❝✉rs ✐♥
♠✉❧t✐♣❤②s✐❝s ♣r♦❜❧❡♠s ✇❤❡r❡ ✢✉✐❞s ❤❛✈❡ s✐❣♥✐✜❝❛♥t❧② ❞✐✛❡r❡♥t ❜❡❤❛✈✐♦✉rs ✇✐t❤✐♥ t❤❡ ✢♦✇✳
❚❤❡ s❛♠❡ ♠♦❞❡❧ ❝❛♥ ❛❧s♦ ❜❡ ✉s❡❞ ♦♥ ❡❛❝❤ s✐❞❡ ♦❢ t❤❡ ✐♥t❡r❢❛❝❡ ❜✉t ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❞✐st✐♥❝t
♣❛r❛♠❡t❡rs✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥ ❬✾❪✱ t❤❡ ✐♥t❡r❢❛❝❡ ✐s ♣r❡s❝r✐❜❡❞ ❜② t❤❡ ❞✐s❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❞✐✛✉s✐♦♥
❝♦❡✣❝✐❡♥t ♦❢ ❛♥ ❡❧❧✐♣t✐❝ ❡q✉❛t✐♦♥✳ ■t ✐s ❤❛♥❞❧❡❞ ❜② ♠❡❛♥s ♦❢ s✉✐t❛❜❧❡ ✐♥t❡r♣♦❧❛t✐♦♥ ♦♣❡r❛t♦rs ✐♥
t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❛ ✜♥✐t❡✲❞✐✛❡r❡♥❝❡ ♠❡t❤♦❞✳ ■♥ ❬✸✱✶✾✱✷✵❪✱ ✶❉ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s ❛r❡ ✐♥✈♦❧✈❡❞ ✇✐t❤
❞✐✛❡r❡♥t ✢✉①❡s✿ ♦♥❧② ❞✐✛❡rs t❤❡ ❡q✉❛t✐♦♥ ♦❢ st❛t❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❞♦♠❛✐♥s✳ ❈♦✉♣❧✐♥❣ ✐s ❛❝❤✐❡✈❡❞
❜② ❛♥ ✐♥t❡r♠❡❞✐❛t❡ st❛t❡ ❛♣♣r♦❛❝❤ r❡❧②✐♥❣ ♦♥ ❛ ❘✐❡♠❛♥♥ ♣r♦❜❧❡♠ ❛t t❤❡ ✜①❡❞ ✐♥t❡r❢❛❝❡✳ ❍♦✇❡✈❡r
♠♦❞❡❧s ❝❛♥ ❜❡ ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t ✇❤❡♥ t❤❡ ♣❤②s✐❝s ✐s✿ ♣✐♦♥❡❡r✐♥❣ ♣❛♣❡rs ❝♦♥❝❡r♥ t❤❡ ❝♦✉♣❧✐♥❣
❜❡t✇❡❡♥ ❙t♦❦❡s ❛♥❞ ❉❛r❝② ❡q✉❛t✐♦♥s ❢♦r t❤❡ ♠♦❞❡❧❧✐♥❣ ♦❢ ♣♦r♦✉s ♠❡❞✐❛ ❬✸✶✱✸✻❪✳ ▼♦❞❡❧s ❛r❡ ❝♦✉✲
♣❧❡❞ ❜② ❤❡✉r✐st✐❝ tr❛♥s♠✐ss✐♦♥ ❝♦♥❞✐t✐♦♥s ❧✐❦❡ t❤❡ ❇❡❛✈❡rs✕❏♦s❡♣❤✲❙❛✛♠❛♥ ❝♦♥❞✐t✐♦♥✳ ▲✐❦❡✇✐s❡✱
❍❊▼✴❍❘▼ ❝♦✉♣❧✐♥❣ ✐s ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❬✷❪✿ ✐♥ ❛ s✉❜❞♦♠❛✐♥✱ t❤❡r♠♦❞②♥❛♠✐❝ ❡q✉✐❧✐❜r✐✉♠ ✐s ❛s✲
s✉♠❡❞✱ ✇❤✐❝❤ ❧❡❣✐t✐♠❛t❡s t❤❡ ✉s❡ ♦❢ t❤❡ ❍❊▼ ♠♦❞❡❧✳ ◆♦t✐❝❡ t❤❛t t❤❡ ❍❘▼ ♠♦❞❡❧ ❝❛♥ ❜❡ s❡❡♥
❛s ❛ r❡❧❛①❛t✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s ♦♥❡✱ ✇❤✐❝❤ ❞✐❝t❛t❡s t❤❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣②✳
❼ ❋✐❝t✐t✐♦✉s ✐♥t❡r❢❛❝❡s✿ t❤❡② ❛r❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤ ♠♦❞❡❧❧✐♥❣ ♦r ❝♦♠♣✉t❛t✐♦♥❛❧ ✐ss✉❡s✳ ❈♦♥tr❛r② t♦
t❤❡ ♣r❡✈✐♦✉s t②♣❡✱ t❤❡s❡ ✐♥t❡r❢❛❝❡s ❛r❡ ♥♦t ♠♦t✐✈❛t❡❞ ❜② ❛♥② ♣❤②s✐❝❛❧ ❞✐s❝r❡♣❛♥❝②✳ ❚r❛♥s♠✐ss✐♦♥
✶❉✐✛✉s❡ ✐♥t❡r❢❛❝❡s ❛r❡ ♥♦t ❡✈♦❦❡❞ ✐♥ t❤✐s ♣❛♣❡r✳
✸
❝♦♥❞✐t✐♦♥s ❛r❡ t❤❡r❡❜② ♠❛✐♥❧② ❜❛s❡❞ ♦♥ ❝♦♥t✐♥✉✐t② r❡q✉✐r❡♠❡♥ts✳ ❋♦r ❡①❛♠♣❧❡✱ ❞♦♠❛✐♥ ❞❡❝♦♠✲
♣♦s✐t✐♦♥ ♠❡t❤♦❞s ✭t❤❡ r❡❛❞❡r ❝♦✉❧❞ r❡❢❡r t♦ ❬✹✶❪✮ r❡❧② ♦♥ t❤❡ ❝r❡❛t✐♦♥ ♦❢ ❛r❜✐tr❛r② ✐♥t❡r❢❛❝❡s✳
❚❤❡ ♦r✐❣✐♥❛❧ ❞♦♠❛✐♥ ✐s s♣❧✐t ✐♥ ♦r❞❡r t♦ ❢❛st❡♥ ❝♦♠♣✉t❛t✐♦♥s t❤r♦✉❣❤ ❛ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡✳
❚❤❡s❡ t❡❝❤♥✐q✉❡s ✐♥s♣✐r❡❞ s✉❜s❡q✉❡♥t ✇♦r❦s ❛✐♠❡❞ ❛t ♠♦❞❡❧❧✐♥❣ ✢♦✇s ✇✐t❤ ❞✐✛❡r❡♥t r❡❣✐♠❡s✳
■♥ ❬✶✼✱ ✶✽❪✱ ❛ st❡❛❞② ❛❞✈❡❝t✐♦♥✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥ ✐s st✉❞✐❡❞✳ ❚❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ✐s ❛ss✉♠❡❞
t♦ ❜❡ s♠❛❧❧ ✐♥ ❛ ♣❛rt ♦❢ t❤❡ ❞♦♠❛✐♥ ✇❤❡r❡ t❤❡ s✐♠♣❧❡ ❛❞✈❡❝t✐♦♥ ❡q✉❛t✐♦♥ ✐s ❝♦♥s✐❞❡r❡❞✳ ❚❤❡
str❛t❡❣② ❝♦♥s✐sts ✐♥ ♦♣t✐♠✐③✐♥❣ t❤❡ tr❛♥s♠✐ss✐♦♥ ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡ ❋♦✉r✐❡r s♣❛❝❡✳
❚❤✐s ❦✐♥❞ ♦❢ ✐♥t❡r❢❛❝❡s ❛r❡ ❣❡♥❡r❛❧❧② ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ♠♦❞❡❧❧✐♥❣ ♦❢ ❝♦♠♣❧❡① s②st❡♠s ❧✐❦❡ ✐♥ t❤❡
♥✉❝❧❡❛r ✐♥❞✉str② ❬✸❪✳ ❙❡✈❡r❛❧ ❝♦❞❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❞✐✛❡r❡♥t ❧♦♦♣s ♠✉st ❜❡ ❝♦✉♣❧❡❞ t♦ ♦❜t❛✐♥ ❛
s♦❧✉t✐♦♥ t♦ t❤❡ ♦✈❡r❛❧❧ ♣r♦❜❧❡♠✳ ■♥t❡r❢❛❝❡s ❛r❡ t❤❡♥ ❧♦❝❛t❡❞ ❛t t❤❡ ❥✉♥❝t✐♦♥ ♦❢ t❤❡ ❧♦♦♣s ❜✉t ❞♦
♥♦t r❡❧② ♦♥ s♣❡❝✐✜❝ ♣❤②s✐❝❛❧ ❜❡❤❛✈✐♦✉rs✳ ❋♦r ✐♥st❛♥❝❡ ✐♥ ❬✷✹❪✱ t❤❡ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ ❛ ✶❉ ♠♦❞❡❧
✭❢♦r ❛ ♣✐♣❡✮ ❛♥❞ ❛ ✷❉ ♦♥❡ ✭❢♦r t❤❡ ❝♦r❡✮ ✐s r❡❛❧✐③❡❞✳
◆♦ ♠❛tt❡r ✇❤❛t t❤❡ ❦✐♥❞ ♦❢ ✐♥t❡r❢❛❝❡s✱ t✇♦ ♠❛t❤❡♠❛t✐❝❛❧ ❛♣♣r♦❛❝❤❡s ❝❛♥ ❜❡ ❝♦♥t❡♠♣❧❛t❡❞ ✐♥ ♣r♦❝❡❡❞✐♥❣
t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❝♦✉♣❧✐♥❣✳ ■♥ t❤❡ ✜rst ♦♥❡✱ t❤❡ ❝♦✉♣❧✐♥❣ ♣r♦❜❧❡♠ ✐s ❝♦♥s✐❞❡r❡❞ ❛s ❛ ✇❤♦❧❡✿ ✐❢ ❜♦t❤
s②st❡♠s ♦❢ P❉❊s ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❞❡r✐✈✐♥❣ ❢r♦♠ t❤❡ s❛♠❡ ♣❛r❡♥t ♠♦❞❡❧✱ t❤✐s ❧❛tt❡r ✐s s♦❧✈❡❞ ♦✈❡r
t❤❡ ✇❤♦❧❡ ❞♦♠❛✐♥ ❛♥❞ s♣❡❝✐✜❝ ♣♦st✲tr❡❛t♠❡♥ts ❛r❡ t❤❡♥ ❝❛rr✐❡❞ ♦✉t ✐♥ ❡❛❝❤ s✉❜❞♦♠❛✐♥ t♦ r❡❝♦✈❡r t❤❡
❝♦rr❡❝t ❜❡❤❛✈✐♦✉r✳ ■♥t❡r❢❛❝❡s ❛r❡ ✐♠♣❧✐❝✐t❧② ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❢♦r♠✉❧❛t✐♦♥✳ ❚❤✐s ✐s ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ❝❛s❡
✇❤❡♥ ♦♥❡ s②st❡♠ ✐s ❛ r❡❧❛①❛t✐♦♥ ♦❢ t❤❡ ♦t❤❡r ✭❧✐❦❡ ✐♥ ❬✷❪✮✳
❚❤❡ s❡❝♦♥❞ ❛♣♣r♦❛❝❤ ❝♦♥s✐sts ✐♥ ❝♦♥s✐❞❡r✐♥❣ t✇♦ ■♥✐t✐❛❧ ❇♦✉♥❞❛r② ❱❛❧✉❡ Pr♦❜❧❡♠s ✭■❇❱P✮✱ ♦♥❡ ❢♦r ❡❛❝❤
s✉❜❞♦♠❛✐♥✳ ❚r❛♥s♠✐ss✐♦♥ ❝♦♥❞✐t✐♦♥s ❛r❡ ✉s❡❞ ❛s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ✐♥t❡r❢❛❝❡
✐♥ ♦r❞❡r t♦ ❝❧♦s❡ ❡❛❝❤ ■❇❱P✳ ❚❤❡ ✐ss✉❡ ♦❢ ✇❡❧❧✲♣♦s❡❞♥❡ss ♥♦t ♦♥❧② r❡q✉✐r❡s t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ ❡❛❝❤
■❇❱P ✐♥❞✐✈✐❞✉❛❧❧②✱ ❜✉t ❛❧s♦ r❡❧✐❡s ♦♥ ❛ s✉✐t❛❜❧❡ ❤❛♥❞❧✐♥❣ ♦❢ tr❛♥s♠✐ss✐♦♥ ❝♦♥❞✐t✐♦♥s✳ ❋r♦♠ ❛ ♥✉♠❡r✐❝❛❧
♣♦✐♥t ♦❢ ✈✐❡✇✱ ❞❡❞✐❝❛t❡❞ s❝❤❡♠❡s ❝❛♥ ❜❡ ✉s❡❞ ✐♥ ❡❛❝❤ s✉❜❞♦♠❛✐♥ ❜✉t t❤❡ ✇❛② t❤❡ t✇♦ s❝❤❡♠❡s ❛r❡
❝♦✉♣❧❡❞ ✐s ❛ ♠❛❥♦r ✐ss✉❡✳
■♥ t❤❡ ♣r❡s❡♥t ✇♦r❦✱ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ s❡❝♦♥❞ ❛♣♣r♦❛❝❤ t❤r♦✉❣❤ r❡❧❡✈❛♥t tr❛♥s♠✐ss✐♦♥ ❝♦♥❞✐t✐♦♥s ✭s❡❡
❋✐❣✉r❡ ✶✮✳ ❚❤✐s ❡♥❛❜❧❡s t♦ ✉s❡ s♣❡❝✐✜❝ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❢♦r ❡❛❝❤ ♣❛rt t♦ ♠❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡
♣r♦♣❡rt✐❡s ♦❢ ❡❛❝❤ ♠♦❞❡❧✳ ❲❡ ❛ss❡ss t❤❡ ♦✈❡r❛❧❧ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ❜② ❢♦❝✉s✐♥❣ ♦♥ st❡❛❞② st❛t❡s ✐♥s♦❢❛r
❛s t❤❡② ❛r❡ ♦❢ ❣r❡❛t ✐♥t❡r❡st ✐♥ t❤❡ ♥✉❝❧❡❛r ✐♥❞✉str②✳ ▼♦r❡♦✈❡r✱ t❤✐s ❡♥❛❜❧❡s t♦ ②✐❡❧❞ ♥❡✇ ❡①♣❧✐❝✐t
s♦❧✉t✐♦♥s t♦ ❜♦t❤ ♠♦❞❡❧s ✇❤✐❝❤ ✐s ♥♦t ♣♦ss✐❜❧❡ ✐♥ t❤❡ ✉♥st❡❛❞② ❝❛s❡✳ ❆s ✐t ✇✐❧❧ ❜❡ s❡❡♥ ✐♥ t❤❡ ❝♦r❡ ♦❢
t❤❡ ♣❛♣❡r✱ ♥❛✐✈❡ str❛t❡❣✐❡s ❞♦ ♥♦t ❧❡❛❞ t♦ s❛t✐s❢②✐♥❣ r❡s✉❧ts ❞✉❡ t♦ ✐♥st❛❜✐❧✐t✐❡s ❛♥❞ t❤❡ r♦❜✉st♥❡ss ♦❢
❛❧❣♦r✐t❤♠s ❞✉❡ t♦ t❤❡ ✐♥t❡r❢❛❝❡ ✐s ❛ ❦❡② ♣♦✐♥t✳
❚❤❡ t✇♦ ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ t❤✐s ♣❛♣❡r ❛r❡ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ st❡❛❞② s♦❧✉t✐♦♥ ♦❢
t❤❡ ❝♦✉♣❧❡❞ ♣r♦❜❧❡♠ ✭Pr♦♣✳ ✹✮ ❢♦r t❤✐s ❝❤♦✐❝❡ ♦❢ ✐♥t❡r❢❛❝✐❛❧ ❝♦♥❞✐t✐♦♥s ❜② ♠❡❛♥s ♦❢ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ ❛
s✐♥❣❧❡ ❛❧❣❡❜r❛✐❝ ❡q✉❛t✐♦♥ ✭✹✳✺✮❀ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ♣r♦♣♦s❡ ❛ r♦❜✉st ❛♥❞ st❛❜❧❡ ❛❧❣♦r✐t❤♠ ✭➓ ✺✳✷✮ t❤❛t
❡♥❛❜❧❡s t♦ s✐♠✉❧❛t❡ ✉♥st❡❛❞② s♦❧✉t✐♦♥s ♦❢ t❤❡ ❝♦✉♣❧❡❞ ♣r♦❜❧❡♠✳
❚❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✿ t❤❡ ✉♥❞❡r❧②✐♥❣ ♠♦❞❡❧s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✷ ❛s ✇❡❧❧ ❛s t❤❡✐r ✶❉
❢♦r♠✉❧❛t✐♦♥s✳ ❚❤❡ ❝♦✉♣❧✐♥❣ str❛t❡❣② ✐s t❤❡♥ ❞❡t❛✐❧❡❞ r❡❧②✐♥❣ ✉♣♦♥ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ ♣❤②s✐❝❛❧ ✈❛r✐❛❜❧❡s✳
❊❛❝❤ ♠♦❞❡❧ ✐s st✉❞✐❡❞ s❡♣❛r❛t❡❧② ✐♥ ❙❡❝t✐♦♥ ✸ ✐♥ ♦r❞❡r t♦ ♣r♦✈✐❞❡ ❛ ❜❡tt❡r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ❧✐♠✐t✐♥❣
♣r♦❝❡ss ❛s t❤❡ ▼❛❝❤ ♥✉♠❜❡r ❣♦❡s t♦ 0✳ ❚❤✐s st✉❞② ✐♥❝❧✉❞❡s ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥s ❢♦r st❡❛❞② s♦❧✉t✐♦♥s
t♦ ❜♦t❤ s②st❡♠s ♦❢ P❉❊s✳ ❚❤❡s❡ st❡❛❞② st❛t❡s ❛r❡ ✉s❡❢✉❧ t♦ ❛ss❡ss t❤❡ r❡❧❡✈❛♥❝❡ ♦❢ t❤❡ tr❛♥s♠✐ss✐♦♥
❝♦♥❞✐t✐♦♥s ❝❤♦s❡♥ ♣r❡✈✐♦✉s❧②✱ ✇❤✐❝❤ ✐s ❛❝❤✐❡✈❡❞ ✐♥ ❙❡❝t✐♦♥ ✹ ✇❤❡r❡ ❛ ❝♦✉♣❧❡❞ st❡❛❞② st❛t❡ ✐s ❝♦♥str✉❝t❡❞✳
❙❡❝t✐♦♥ ✺ t❤❡♥ ❝♦♥s✐sts ♦❢ t❤❡ ❞❡s✐❣♥ ♦❢ ❛♥ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ❝♦✉♣❧❡❞ ♣r♦❜❧❡♠ ❜❛s❡❞ ♦♥ t✇♦ s♣❡❝✐✜❝
♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ✐♥ t❤❡ ✉♥st❡❛❞② ❝❛s❡✳ ❙♦♠❡ ❝♦✉♣❧✐♥❣ s✐♠✉❧❛t✐♦♥s ❛r❡ ✜♥❛❧❧② ❝❛rr✐❡❞ ♦✉t ❛♥❞ r❡s✉❧ts
❛r❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ st❡❛❞② st❛t❡s✳
✹
✷ ▼♦❞❡❧s
■♥ t❤❡ s❡q✉❡❧✱ Ω ⊂ Rd✱ d ∈ {1, 2, 3}✱ ✇✐❧❧ ❞❡♥♦t❡ t❤❡ ♣❤②s✐❝❛❧ ❞♦♠❛✐♥ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❞✐✈✐❞❡❞ ✐♥t♦ t✇♦
♣❛rts ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ▼❛❝❤ ♥✉♠❜❡r✳ ❍♦✇❡✈❡r✱ ✐♥ ♦r❞❡r t♦ ✐♥✈❡st✐❣❛t❡ ❡❛❝❤
♠♦❞❡❧ ✐♥❞❡♣❡♥❞❡♥t❧②✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ❣❡♥❡r❛❧ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ̟ ⊂ Rd✳
✷✳✶ ❇❛s✐❝ ❡q✉❛t✐♦♥s
❚♦ ❞❡s❝r✐❜❡ t❤❡ ♠♦t✐♦♥ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ✢✉✐❞✱ ✇❡ ♣r❡s❡♥t t✇♦ ♠♦❞❡❧s s❡t ✐♥̟✳ ❚❤❡ ✜rst ♠♦❞❡❧ ❝♦♥s✐sts
♦❢ t❤❡ st❛♥❞❛r❞ ❊✉❧❡r ❡q✉❛t✐♦♥s ✇✐t❤ ❛♥ ❡♥❡r❣② s♦✉r❝❡ t❡r♠
∂tW +∇ · F(W) = Φ, ✭✷✳✶❛✮
✇✐t❤
W =
 ρρu
ρE
 , F(W) =
 ρuρu⊗ u+ pId
(ρE + p)u
 , Φ =
00
Φ
 . ✭✷✳✶❜✮
❚❤❡ s♦✉r❝❡ t❡r♠ ❡♥❛❜❧❡s ❜♦t❤ t♦ ❡♥r✐❝❤ t❤❡ ♠♦❞❡❧❧✐♥❣ ✭s❡❡ ❜❡❧♦✇✮ ❛♥❞ t♦ ♣r♦✈✐❞❡ ♥♦♥tr✐✈✐❛❧ st❡❛❞②
st❛t❡s✳ ❚❤❡ ❡q✉❛t✐♦♥ ♦❢ st❛t❡ ✉s❡❞ t♦ ♠♦❞❡❧ t❤❡ ✢✉✐❞ ♣r♦♣❡rt✐❡s ❛♥❞ t♦ ❝❧♦s❡ t❤❡ s②st❡♠ ✐s t❤❡ ✐❞❡❛❧
✢✉✐❞ ❧❛✇✿✷
E = (Υ− 1)p
ρ
+
1
2
|u|2, Υ > 1.
❚❤❡ s❡❝♦♥❞ ♠♦❞❡❧ ✐s ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ♦♥❡ ✭✷✳✶✮ ✉♥❞❡r t❤❡ ❤②♣♦t❤❡s✐s t❤❛t t❤❡ ▼❛❝❤ ♥✉♠❜❡r
✐s ✏s♠❛❧❧✑✳ ❆❧t❤♦✉❣❤ t❤❡ ❊✉❧❡r ❡q✉❛t✐♦♥s ✭✷✳✶✮ ❛r❡ st✐❧❧ ✈❛❧✐❞✱ t❤❡② ❝❛♥ ❜❡ s✐♠♣❧✐✜❡❞ ❜② t❛❦✐♥❣ ✐♥t♦
❛❝❝♦✉♥t t❤❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ▼❛❝❤ ♥✉♠❜❡r✳ ■♥❞❡❡❞✱ s♦♠❡ t❡r♠s ❜❡❝♦♠❡ ♥❡❣❧✐❣✐❜❧❡ ❛s t❤❡
▼❛❝❤ ♥✉♠❜❡r ❣♦❡s t♦ 0✳ ❆ ❢♦r♠❛❧ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ✭✇rt t❤❡ ▼❛❝❤ ♥✉♠❜❡r✮ ✐s t❤❡♥ ❝❛rr✐❡❞ ♦✉t
✐♥ ✭✷✳✶✮ s✐♠✐❧❛r❧② t♦ ❬✶✷✱ ✷✾✱ ✸✸✱✹✺❪✳ ❚❤❡ r❡s✉❧t✐♥❣ s②st❡♠ ❦❡❡♣✐♥❣ ♦♥❧② t❡r♠s ♦❢ ♦r❞❡r 0 ✐s
∂tρ+∇ · (ρu) = 0, ✭✷✳✷❛✮
∂t(ρu) +∇ · (ρu⊗ u) +∇π = 0, ✭✷✳✷❜✮
∇ · u = 1
Υ
Φ(t,x)
P(t) −
Υ− 1
Υ
P ′(t)
P(t) . ✭✷✳✷❝✮
❈♦♠♣❛r❡❞ t♦ ❬✷✾❪✱ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✷✳✷❝✮ ✐s ♠♦r❡ ❣❡♥❡r❛❧ ❞✉❡ t♦ t❤❡ ❡♥❡r❣② s♦✉r❝❡ t❡r♠✳
❆s ❝❧❛ss✐❝❛❧❧② ♦❜s❡r✈❡❞ ✐♥ s✐♠✐❧❛r ❛♣♣r♦❛❝❤❡s✱ t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ r❡s✉❧ts ✐♥ ❛ ❞❡❝♦✉♣❧✐♥❣ ♦❢ t❤❡
♣r❡ss✉r❡✿
❼ t❤❡ t❤❡r♠♦❞②♥❛♠✐❝ ♣r❡ss✉r❡ P ✇❤✐❝❤ ✐s ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ❡q✉❛t✐♦♥ ♦❢ st❛t❡ ❛♥❞ ❝♦rr❡s♣♦♥❞s t♦
♦r❞❡r 0❀
❼ t❤❡ ❞②♥❛♠✐❝ ♣r❡ss✉r❡ π t❤❛t ❛♣♣❡❛rs ✐♥ t❤❡ ♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥ ❛♥❞ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ s❡❝♦♥❞✲
♦r❞❡r t❡r♠✳
❚❤✐s ❢❛❝t ❛❧s♦ ✐♠♣❧✐❡s ❛ ❝❤❛♥❣❡ ♦❢ ♥❛t✉r❡ ♦❢ t❤❡ ❡q✉❛t✐♦♥s ✇❤✐❝❤ t✉r♥ ❡❧❧✐♣t✐❝✕❤②♣❡r❜♦❧✐❝ ✐♥st❡❛❞ ♦❢
♣✉r❡❧② ❤②♣❡r❜♦❧✐❝✳ ❚❤❡ ♠❛✐♥ ❝♦♥s❡q✉❡♥❝❡ ✐s t❤❛t ❛❝♦✉st✐❝ ✇❛✈❡s ❛r❡ ✜❧t❡r❡❞ ♦✉t✳ ❍❡♥❝❡ r❡♠❛✐♥✐♥❣
✇❛✈❡s ❛r❡ tr❛✈❡❧❧✐♥❣ ❛t t❤❡ ♠❛t❡r✐❛❧ ✈❡❧♦❝✐t②✳
✷ ■♥st❡❛❞ ♦❢ t❤❡ st❛♥❞❛r❞ ❊✉❧❡r ❝♦♥st❛♥t γ✱ ✇❡ ✐♥tr♦❞✉❝❡ Υ := γ
γ−1
✇❤✐❝❤ ✐s ♠♦r❡ ❝♦♥✈❡♥✐❡♥t ✐♥ t❤❡ ♣r❡s❡♥t st✉❞②✳
✺
❆♥♦t❤❡r r❡♠❛r❦ ✐s t❤❛t ❙②st❡♠ ✭✷✳✷✮ s❡❡♠s t♦ ❜❡ ✐♥❝♦♠♣❧❡t❡ ❛s t❤❡r❡ ❛r❡ ♠♦r❡ ✉♥❦♥♦✇♥s t❤❛♥ ❡q✉❛t✐♦♥s
❞✉❡ t♦ t❤❡ ❡①tr❛ ✈❛r✐❛❜❧❡ π✳ ❆♥ ❛❞❞✐t✐♦♥❛❧ ❡q✉❛t✐♦♥ ✐s t❤❡♥ r❡q✉✐r❡❞✳ ■♥ t❤✐s ❞✐r❡❝t✐♦♥✱ ✇❡ ♥♦t✐❝❡ t❤❛t
❛ ❞✐r❡❝t ✐♥t❡❣r❛t✐♦♥ ♦❢ ✭✷✳✷❝✮ ❧❡❛❞s t♦
P ′(t)
P(t) =
Υ
(Υ− 1)|̟|
(
1
ΥP(t)
∫
̟
Φ(t,x) dx−
∫
∂̟
u · n dσ
)
. ✭✷✳✸✮
❚❤✐s ❡q✉❛❧✐t② ♣r♦✈✐❞❡s ❛ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ♠❡❛♥ ♣r❡ss✉r❡ ❛♥❞ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡
✈❡❧♦❝✐t②✳ ❚✇♦ ❝❛s❡s ♠✉st ❜❡ ❝♦♥s✐❞❡r❡❞✿
❼ ❊✐t❤❡r ♣r❡ss✉r❡ P ✐s ❦♥♦✇♥ ❢r♦♠ t❤❡ ✉♥❞❡r❧②✐♥❣ ❡①♣❡r✐♠❡♥t ❛♥❞ ✭✷✳✸✮ ♣r♦✈✐❞❡s ❛ ❝♦♥str❛✐♥t ✉♣♦♥
t❤❡ ❜♦✉♥❞❛r② ✈❡❧♦❝✐t② ✭✇❤✐❝❤ ♠❛② ✐♥❞✉❝❡ ❛ ❝♦✉♣❧✐♥❣ str❛t❡❣②✮❀
❼ ❖r t❤❡ ✈❡❧♦❝✐t② ✐s ♣r❡s❝r✐❜❡❞ ♦♥ t❤❡ ❜♦✉♥❞❛r② ❛♥❞ ✭✷✳✸✮ ✐s ❛♥ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ t❤❛t
❡♥❛❜❧❡s t♦ ❝♦♠♣✉t❡ t❤❡ ♣r❡ss✉r❡✳
■♥ t❤❡ s❡q✉❡❧✱ ✇❡ s❤❛❧❧ ❛❧✇❛②s ❝♦♥s✐❞❡r t❤❛t ♦♥❡ ♦❢ t❤❡s❡ ❝❛s❡s ✐s ♠❛t❝❤❡❞ ✇❤✐❝❤ ♣r♦✈✐❞❡s t❤❡ r❡q✉✐r❡❞
❝❧♦s✉r❡ ❡q✉❛t✐♦♥✳
✷✳✷ ■❇❱P ✐♥ t❤❡ ✶❉ ❝❛s❡
❲❡ ❞❡t❛✐❧ ❤❡r❡ ✐♥✐t✐❛❧ ✭■❈✮ ❛♥❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭❇❈✮✳ ❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ❢♦❝✉s ♦♥ ❞✐♠❡♥s✐♦♥ 1 ✇✐t❤
̟ = (a, b).
❚❤❡ t✇♦ ♣r❡✈✐♦✉s ♠♦❞❡❧s r❡s♣❡❝t✐✈❡❧② r❡❞✉❝❡ t♦
∂tρ+ ∂x(ρu) = 0, ✭✷✳✹❛✮
∂t(ρu) + ∂x(ρu
2 + p) = 0, ✭✷✳✹❜✮
∂t(ρE) + ∂x(ρEu+ pu) = Φ, ✭✷✳✹❝✮
❛♥❞ t♦ 
∂tρ+ ∂x(ρu) = 0, ✭✷✳✺❛✮
∂xu =
Φ(t, x)
ΥP(t) −
Υ− 1
Υ
P ′(t)
P(t) , ✭✷✳✺❜✮
∂t(ρu) + ∂x(ρu
2 + π) = 0. ✭✷✳✺❝✮
■♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ♥✉❝❧❡❛r ♠♦❞❡❧❧✐♥❣✱ Φ ♠♦❞❡❧s t❤❡ ❤❡❛t✐♥❣ ♦❢ t❤❡ ❝♦♦❧❛♥t ✢✉✐❞ ❞✉❡ t♦ ❢✉s✐♦♥ r❡❛❝t✐♦♥s
✐♥ t❤❡ r❡❛❝t♦r ❝♦r❡✳ ▼♦r❡♦✈❡r✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s
ρ(t, a) = ̺e(t), ✭✷✳✻❛✮
u(t, a) = ue(t), ✭✷✳✻❜✮
p(t, b) = Ps(t), ✭✷✳✻❝✮
✇❤❡r❡ ̺e✱ ue ❛♥❞ Ps ❛r❡ s♦♠❡ ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥s✳
❆s ❢♦r ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✱ ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ ✭✷✳✻✮ ✇❡ ✐♠♣♦s❡
ρ(0, x) = ̺0(x), ✭✷✳✼❛✮
u(0, x) = u0(x), ✭✷✳✼❜✮
p(0, x) = ps, ✭✷✳✼❝✮
✇❤❡r❡ ̺0✱ u0 ❛♥❞ ps ❛r❡ s♦♠❡ ❞❛t❛ ✇❤✐❝❤ ❛r❡ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ❇❈ ✭✷✳✽✮✱ ✐✳❡✳ s✉❝❤ t❤❛t ̺0(x = a) =
̺e(t = 0)✱ u0(x = a) = ue(t = 0) ❛♥❞ ps = Ps(0)✳ ❚❤❡s❡ t✇♦ ♠♦❞❡❧s ❛r❡ st✉❞✐❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳
✻
✷✳✸ ❚❤❡ ❝♦✉♣❧❡❞ ♣r♦❜❧❡♠
▼♦❞❡❧s ❧✐❦❡ ✭✷✳✷✮ ❤❛✈❡ ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ❢♦r t✇♦ ♠❛✐♥ r❡❛s♦♥s✿ ✜rst✱ t❤❡② ❛r❡ ❤♦♣❡❞ t♦ ♣r♦❞✉❝❡ ❧❡ss
❡①♣❡♥s✐✈❡ ❛❧❣♦r✐t❤♠s❀ s❡❝♦♥❞❧②✱ t❤❡② ❡♥❛❜❧❡ t♦ t❛❝❦❧❡ t❤❡ ✐ss✉❡ ♦❢ ♥✉♠❡r✐❝❛❧ ✐♥st❛❜✐❧✐t✐❡s ❞✉❡ t♦ t❤❡ ❧♦✇
▼❛❝❤ ♥✉♠❜❡r✳ ❆s t❤❡ ▼❛❝❤ ♥✉♠❜❡r ✐s ❝♦♠♠♦♥❧② ❛ss✉♠❡❞ t♦ ❜❡ s♠❛❧❧ ✐♥ ♥✉❝❧❡❛r ♣r♦❝❡ss❡s ❬✶✷✱✸✽❪✱ ✐t
s❡❡♠s ♥❛t✉r❛❧ t♦ ♠❛❦❡ ✉s❡ ♦❢ ❙②st❡♠ ✭✷✳✺✮ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ♣r❡s❡♥t st✉❞②✳ ❍♦✇❡✈❡r✱ ❛s ❛❝❝✐❞❡♥t❛❧
❡✈❡♥ts ♠❛② ♦❝❝✉r✱ t❤❡ ▼❛❝❤ ♥✉♠❜❡r ♠❛② ✐♥❝r❡❛s❡ ❞r❛♠❛t✐❝❛❧❧② s♦ t❤❛t ✐t ❝❛♥♥♦t ❜❡ ❛ss✉♠❡❞ t♦ ❜❡
s♠❛❧❧ ❛♥②♠♦r❡✳
❚❤❛t ✐s ✇❤② ❛♥ ❛❞❛♣t✐✈❡ str❛t❡❣② ✐s ❝♦♥s✐❞❡r❡❞ ❤❡r❡✳ ❲❡ ✐♥tr♦❞✉❝❡ t✇♦ ❞♦♠❛✐♥s✿ Ω = (0, L) ♠♦❞❡❧s
t❤❡ ❝♦r❡ ♦❢ t❤❡ ♥✉❝❧❡❛r r❡❛❝t♦r ✭L ✐s t❤✉s t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❝♦r❡✮ ❛♥❞ ω(t) =
(
0, α(t)
)
✐s t❤❡ s✉❜❞♦♠❛✐♥
♦❢ Ω ✇❤❡r❡ t❤❡ ▼❛❝❤ ♥✉♠❜❡r ✐s s♠❛❧❧✳ ❍❡r❡ α ✐s ❛ ❣✐✈❡♥ ♥✉♠❜❡r s✉❝❤ t❤❛t 0 ≤ α ≤ L✳ ❚❤❡ t✉♥✐♥❣ ♦❢
α ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ ♣❛rt ♦❢ t❤✐s ♣❛♣❡r ✭s❡❡ ❙❡❝t✐♦♥ ✺✮✳
❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ t❤❡ ❧♦✇ ▼❛❝❤ ♥✉♠❜❡r ♠♦❞❡❧ ✭✷✳✺✮ s❡t ✐♥ ω(t) =
(
0, α(t)
)
❛♥❞ t❤❡ ❊✉❧❡r s②st❡♠ ✭✷✳✹✮ s❡t ✐♥ Ω\ω(t) = (α(t), L)✳ ❇❈ ❛t t❤❡ ❜♦✉♥❞❛r② ♦❢ Ω ❛r❡
ρ(t, 0) = ̺e(t), ✭✷✳✽❛✮
u(t, 0) = ue(t), ✭✷✳✽❜✮
p(t, L) = ps. ✭✷✳✽❝✮
❚❤❡ ♣♦✐♥t ✐s t♦ ♣r♦✈✐❞❡ tr❛♥s♠✐ss✐♦♥ ❝♦♥❞✐t✐♦♥s ♦♥ ∂ω(t) ∩ Ω = {α(t)} t♦ ❝♦♥♥❡❝t ❙②st❡♠s ✭✷✳✹✮
❛♥❞ ✭✷✳✺✮✳ ❙❡✈❡r❛❧ str❛t❡❣✐❡s ♠❛② ❜❡ ❝❧❛ss✐❝❛❧❧② ❝♦♥t❡♠♣❧❛t❡❞ s✉❝❤ ❛s t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ ♣❤②s✐❝❛❧ ✈❛r✐✲
❛❜❧❡s✱ ❝♦♥s❡r✈❛t✐✈❡ ✈❛r✐❛❜❧❡s ♦r ✢✉①❡s✳
❲❡ ♣r♦♣♦s❡ t♦ ❝♦✉♣❧❡ t❤❡ t✇♦ s②st❡♠s t❤r♦✉❣❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥t✐♥✉✐t② ❝♦♥❞✐t✐♦♥s
ρ✭✷✳✺✮
(
t, α−(t)
)
= ρ✭✷✳✹✮
(
t, α+(t)
)
, ✭✷✳✾❛✮
u✭✷✳✺✮
(
t, α−(t)
)
= u✭✷✳✹✮
(
t, α+(t)
)
, ✭✷✳✾❜✮
P✭✷✳✺✮(t) = p✭✷✳✹✮(t, α+(t)), ✭✷✳✾❝✮
❛♥❞
π✭✷✳✺✮
(
t, α−(t)
)
= 0. ✭✷✳✾❞✮
❚❤❡ ❡①♣♦♥❡♥t ❞❡♥♦t❡s t❤❡ s②st❡♠ t♦ ✇❤✐❝❤ t❤❡ ✈❛r✐❛❜❧❡ ✐s ❛ s♦❧✉t✐♦♥✳ ❈♦♥❞✐t✐♦♥ ✭✷✳✾❞✮ ❝♦♠❡s ❢r♦♠ t❤❡
❢❛❝t t❤❛t π ✐s ❦♥♦✇♥ ✉♣ t♦ ❛ ❝♦♥st❛♥t✳ ❚♦ ✜① ✐t✱ ✇❡ ❞❡❝✐❞❡❞ t♦ r❡❧② ♦♥ t❤❡ ❛s②♠♣t♦t✐❝ ❞❡✈❡❧♦♣♠❡♥t
✇❤❡r❡ π ✐s t❤❡ 2♥❞✲♦r❞❡r t❡r♠✳ ❚❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐s t❤✉s s✉♣♣♦rt❡❞ ❜② t❤❡ ✵t❤✲♦r❞❡r t❡r♠ P
t❤r♦✉❣❤ ✭✷✳✾❝✮✳ ❚❤✐s str❛t❡❣② ✐s ❞❡♣✐❝t❡❞ ♦♥ ❋✐❣✉r❡ ✷✳
❚❤✐s ❝❤♦✐❝❡ r❡❧✐❡s ♦♥ t❤❡ ♣❛rt✐❝✉❧❛r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s t❤❛t ❛r❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ♣r❡s❡♥t st✉❞②
✭✐♠♣♦s❡❞ ✉♣♦♥ ♣❤②s✐❝❛❧ ✈❛r✐❛❜❧❡s✮✳ ▼♦r❡♦✈❡r✱ ✇❡ ❡♠♣❤❛s✐③❡ t❤❛t ♥♦ ♣❤②s✐❝❛❧ ♣❤❡♥♦♠❡♥♦♥ ✭✇❤✐❝❤
♠❛② ✐♥❞✉❝❡ ❞✐s❝♦♥t✐♥✉✐t✐❡s✮ ✐s ❡①♣❡❝t❡❞ t♦ ❤❛♣♣❡♥ ❛t t❤❡ ✜❝t✐t✐♦✉s ✐♥t❡r❢❛❝❡ ✭ω(t) ✐s ❝❤♦s❡♥ s♦ t❤❛t ♥♦
❛❝♦✉st✐❝ ❡✛❡❝t ✐s ♣r❡❞♦♠✐♥❛♥t ✐♥ ✐ts ✈✐❝✐♥✐t②✮✳ ❚❤❡ t❤❡♦r❡t✐❝❛❧ st✉❞② ♦❢ t❤✐s str❛t❡❣② ✐s ♣r❡s❡♥t❡❞ ✐♥
❙❡❝t✐♦♥ ✹ ❛♥❞ ♥✉♠❡r✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ❙❡❝t✐♦♥ ✺✳
✸ ❯♥st❡❛❞② ❛♥❞ st❡❛❞② s♦❧✉t✐♦♥s ♦❢ ✐♥❞✐✈✐❞✉❛❧ ♠♦❞❡❧s
❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ s♦✉r❝❡ t❡r♠ ✐s ❝♦♥st❛♥t Φ(t, x) ≡ Φ0 > 0✳ ❊①t❡♥s✐♦♥s t♦ Φ = Φ(x)
❛r❡ str❛✐❣❤t❢♦r✇❛r❞ ✭s❡❡ ❈♦r♦❧❧❛r② ✸ ❢♦r ❡①❛♠♣❧❡✮✳
❇❡❢♦r❡ ❡st❛❜❧✐s❤✐♥❣ t❤❡ ❝♦✉♣❧✐♥❣ str❛t❡❣②✱ ✇❡ ✇✐s❤ t♦ ❜❡tt❡r ✉♥❞❡rst❛♥❞ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ❡❛❝❤ ♠♦❞❡❧ ❛♥❞
❡s♣❡❝✐❛❧❧② t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♦♥ st❡❛❞② st❛t❡s✳ ❲❡ t❤✉s ❞♦ ♥♦t ✐♥✈❡st✐❣❛t❡
✼
x
0 α(t) L
̺e✱ ue ps
ω(t) Ω\ω(t)


∂tρ + ∂x(ρu) = 0
∂xu =
Φ−(Υ−1)P′(t)
ΥP(t)
∂t(ρu) + ∂x(ρu
2 + π) = 0


∂tρ + ∂x(ρu) = 0
∂t(ρu) + ∂x(ρu
2 + p) = 0
∂t(ρE) + ∂x(ρEu + pu) = Φ
E = (Υ− 1) p
ρ
+
|u|2
2


ρ(t, α−(t)
)
= ρ(t, α+(t)
)
u(t, α−(t)
)
= u(t, α+(t)
)
P(t) = p(t, α+(t)
)
π(t, α−(t)
)
= 0
❋✐❣✉r❡ ✷✿ ❙❡tt✐♥❣ ♦❢ t❤❡ ❝♦✉♣❧✐♥❣ ♣r♦❜❧❡♠
t❤❡ ❝♦✉♣❧✐♥❣ ✐♥ t❤✐s s❡❝t✐♦♥ ❜✉t ✇❡ st✉❞② ❡❛❝❤ s②st❡♠ ✐♥❞❡♣❡♥❞❡♥t❧② ❢r♦♠ ❡❛❝❤ ♦t❤❡r ✐♥
̟ = (a, b) t♦❣❡t❤❡r ✇✐t❤ ❇❈ ✭✷✳✻✮✳
✸✳✶ ❯♥st❡❛❞② s♦❧✉t✐♦♥s
❚❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ❊✉❧❡r ❡q✉❛t✐♦♥s ✇❤✐❝❤ ❢♦r♠ ❛ ❤②♣❡r❜♦❧✐❝ s②st❡♠ ♦❢ P❉❊s ✐♥❞✉❝❡s ♥✉♠❡r♦✉s ❞✐✣❝✉❧✲
t✐❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ ✐♠♣♦s❡❞ ❜② t❤❡ s✐❣♥ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ ✜❡❧❞s ✇❤✐❝❤ ✐s ♥♦t
❦♥♦✇♥ ❛ ♣r✐♦r✐✳ ❚❤❡ r❡❣✉❧❛r✐t② ♦❢ s♦❧✉t✐♦♥s ✐s ❛❧s♦ ✐♥✢✉❡♥❝❡❞ ❜② ❤②♣❡r❜♦❧✐❝✐t②✱ ❛s ❞✐s❝♦♥t✐♥✉✐t✐❡s ♠❛②
❢♦r♠ ✐♥ ✜♥✐t❡ t✐♠❡ ♥♦ ♠❛tt❡r ❤♦✇ s♠♦♦t❤ t❤❡ ❞❛t❛ ❬✽✱✹✹❪✳ ❆♥ ❡①t❡♥s✐✈❡ ❧✐t❡r❛t✉r❡ ❤❛s ❜❡❡♥ ❞❡✈♦t❡❞ t♦
t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ ❊✉❧❡r ❡q✉❛t✐♦♥s ❜✉t s♦♠❡ ♣r♦❜❧❡♠s ❛r❡ st✐❧❧ ♦♣❡♥✳ ▲✐❦❡✇✐s❡✱ ❢❡✇ ❡①♣❧✐❝✐t s♦❧✉t✐♦♥s
❛r❡ ❦♥♦✇♥ ❡①❝❡♣t ❢♦r s✐♠♣❧❡ ❘✐❡♠❛♥♥ ♣r♦❜❧❡♠s ❬✹✻❪✳ ❍❡♥❝❡✱ ❢❡✇ t❤✐♥❣s ❝❛♥ ❜❡ st❛t❡❞ ❛❜♦✉t ✉♥st❡❛❞②
s♦❧✉t✐♦♥s ❢♦r t❤❡ ❝♦♠♣r❡ss✐❜❧❡ ♠♦❞❡❧ ✭✷✳✹✮✳
❖♥ t❤❡ ❝♦♥tr❛r②✱ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ str✉❝t✉r❡ ♦❢ t❤❡ ❧♦✇ ▼❛❝❤ ♥✉♠❜❡r s②st❡♠ ✭✷✳✺✮ ✐s ❞✐✛❡r❡♥t ❢r♦♠ t❤❡
❊✉❧❡r ❡q✉❛t✐♦♥s ❛s ✐t ✐s ❤②♣❡r❜♦❧✐❝✲❡❧❧✐♣t✐❝✳ ❆ ♠❛✐♥ ❝♦♥s❡q✉❡♥❝❡ ✐♥ ✶❉ ✐s t❤❛t ✇❡ ❝❛♥ ♣r♦✈✐❞❡ ❡①♣❧✐❝✐t
✉♥st❡❛❞② s♦❧✉t✐♦♥s s✐♠✐❧❛r❧② t♦ ❬✹✱ ✺❪✿
Pr♦♣♦s✐t✐♦♥ ✶✳ ❙②st❡♠ ✭✷✳✺✮ t♦❣❡t❤❡r ✇✐t❤ ❇❈ ✭✷✳✻✮ ❛♥❞ ■❈ ✭✷✳✼✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ❣✐✈❡♥ ❜②
ρLM(t, x) = ̺e(t
∗) ·
[ Ps(t)
Ps(t∗)
](Υ−1)/Υ
exp
[
−Φ0
Υ
(
Πs(t)−Πs(t∗)
)]
,
✐❢ t❤❡r❡ ❡①✐sts t∗ ∈ (0, t) s✉❝❤ t❤❛t χ(t∗; t, x) = 0, ✭✸✳✶❛✮
ρLM(t, x) = ̺0
(
χ(0; t, x)
) · [Ps(t)Ps(0)
](Υ−1)/Υ
exp
[
−Φ0
Υ
(
Πs(t)−Πs(0)
)]
,
♦t❤❡r✇✐s❡, ✭✸✳✶❜✮
P(t) = Ps(t), ✭✸✳✶❝✮
uLM(t, x) = ue(t) +
[
Φ0
ΥPs(t) −
Υ− 1
Υ
P ′s(t)
Ps(t)
]
(x− a). ✭✸✳✶❞✮
Πs ❞❡♥♦t❡s ❛ ♣r✐♠✐t✐✈❡ ❢✉♥❝t✐♦♥ ♦❢ 1/Ps ❛♥❞ χ ✐s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ✢♦✇ ❣✐✈❡♥ ❜② ✭✸✳✸✮✳
Pr♦♦❢✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ✇❡ ♥♦t✐❝❡ t❤❛t ✭✸✳✶❝✮ ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❇❈ ✭✷✳✻❝✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱
❊q✳ ✭✷✳✺❜✮ ❝❛♥ ❜❡ ❞✐r❡❝t❧② ✐♥t❡❣r❛t❡❞ ❛♣♣❧②✐♥❣ ❇❈ ✭✷✳✻❜✮ ✇❤✐❝❤ ②✐❡❧❞s ✭✸✳✶❞✮✳
✽
❚❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ❜❡✐♥❣ ❦♥♦✇♥✱ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ ❞❡♥s✐t② ❜② ❛♣♣❧②✐♥❣ t❤❡ ♠❡t❤♦❞ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝s
t♦ ❊q✳ ✭✷✳✺❛✮✳ ▲❡t χ ❜❡ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ✢♦✇ ❛ss♦❝✐❛t❡❞ ✇✐t❤ uLM✱ ✐✳❡✳ s♦❧✉t✐♦♥ t♦ t❤❡ ❖❉❊
dχ
dτ
= uLM
(
τ, χ(τ)
)
,
χ(t) = x.
✭✸✳✷✮
❉✉❡ t♦ ❝❧❛ss✐❝❛❧ s♠♦♦t❤♥❡ss r❡s✉❧ts ❬✶✵❪✱ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤✐s ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✭❖❉❊✮
❞❡♣❡♥❞s ❝♦♥t✐♥✉♦✉s❧② ♦♥ t ❛♥❞ x ✇❤✐❝❤ ❛r❡ ❝♦♥s✐❞❡r❡❞ ❛s ♣❛r❛♠❡t❡rs✳ ❚❤❛t ✐s ✇❤② t❤❡ s♦❧✉t✐♦♥ t♦ ✭✸✳✷✮
✐s ❞❡♥♦t❡❞ ❜② χ(τ ; t, x) ✐♥ t❤❡ s❡q✉❡❧ ✭♦r s✐♠♣❧② χ(τ) ✐❢ ♥♦ ❝♦♥❢✉s✐♦♥ ✐s ♣♦ss✐❜❧❡✮✳ ❚❤❛♥❦s t♦ ✭✸✳✶❞✮✱
❖❉❊ ✭✸✳✷✮ r❡❛❞s{
[χ(τ)− a] exp
[−Φ0Πs(τ) + (Υ− 1) lnPs(τ)
Υ
]}′
= ue(τ) exp
[
−Φ0Πs(τ) + (Υ− 1) lnPs(τ)
Υ
]
.
❆ ❞✐r❡❝t ✐♥t❡❣r❛t✐♦♥ ❧❡❛❞s t♦
χ(τ ; t, x) = a+ (x− a)
[Ps(t)
Ps(τ)
](Υ−1)/Υ
exp
[
Φ0
Υ
(
Πs(τ)−Πs(t)
)]
+
∫ τ
t
ue(σ)
[Ps(σ)
Ps(τ)
](Υ−1)/Υ
exp
[
Φ0
Υ
(
Πs(τ)−Πs(σ)
)]
dσ. ✭✸✳✸✮
❙❡tt✐♥❣ ̺(τ) = ρLM
(
τ, χ(τ ; t, x)
)
❛♥❞ ✉s✐♥❣ t❤❡ ❞✐✈❡r❣❡♥❝❡ ❝♦♥str❛✐♥t ✭✷✳✺❜✮✱ ❊q✳ ✭✷✳✺❛✮ ❝❛♥ ❜❡ ✇r✐tt❡♥
̺′(τ) = −̺(τ)∂xuLM
(
τ, χ(τ ; t, x)
)
=
(Υ− 1)P ′s(τ)− Φ0
ΥPs(τ) ̺(τ).
❍❡♥❝❡✿
ρLM
(
τ, χ(τ ; t, x)
)
= ρ(t, x) ·
[Ps(τ)
Ps(t)
](Υ−1)/Υ
exp
[
−Φ0
Υ
(
Πs(τ)−Πs(t)
)]
.
❚✇♦ ❝❛s❡s ♠✉st ❜❡ ❝♦♥s✐❞❡r❡❞ ❞❡♣❡♥❞✐♥❣ ♦♥ (t, x)✿
❼ ❡✐t❤❡r t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❝✉r✈❡ τ 7→ χ(τ ; t, x) r❡❛❝❤❡s t❤❡ ❜♦✉♥❞❛r② x = a ❢♦r s♦♠❡ t∗(t, x) ∈ (0, t)✱
✐✳❡✳ χ(t∗; t, x) = 0 ✇❤✐❝❤✱ ❞✉❡ t♦ ✭✷✳✻❛✮✱ ❧❡❛❞s t♦ ✭✸✳✶❛✮❀
❼ ♦r t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❝✉r✈❡ ❧✐❡s ✐♥ ̟ ❢♦r ❛❧❧ τ ∈ (0, t)✳ ❚❤❡♥✱ ❢♦r τ = 0✱ ✇❡ ♦❜t❛✐♥ ✭✸✳✶❜✮✳
❘❡♠❛r❦ ✶✳ ❙♦❧✉t✐♦♥ ✭✸✳✶✮ ✐s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❬✹✱ Pr♦♣✳ ✸✳✶❪ ❢♦r ✈❛r✐❛❜❧❡ ♦✉t♣✉t ♣r❡ss✉r❡ ❛♥❞ ✐♥❧❡t
✈❡❧♦❝✐t②✳ ■♥❞❡❡❞✱ ✇❤❡♥ Ps(t) = ps ❛♥❞ ue(t) = u¯e✱ t❤❡ ♣r❡✈✐♦✉s ❡①♣r❡ss✐♦♥s ❝❛♥ ❜❡ ♠❛❞❡ ❡①♣❧✐❝✐t✳ ❲❡
❤❛✈❡
t∗(t, x) = t− Υps
Φ0
ln
(
1 +
Φ0
Υpsu¯e
(x− a)
)
.
❍❡♥❝❡
ρLM(t, x) =

ρ0
(
χ(0; t, x)
)
exp
[
− Φ0tΥps
]
, ✐❢ t < ΥpsΦ0 ln
(
1 + Φ0Υpsu¯e (x− a)
)
,
ρe
(
t∗(t, x)
)
1 + Φ0Υpsu¯e (x− a)
, ♦t❤❡r✇✐s❡✳
✾
✸✳✷ ❙t❡❛❞② s♦❧✉t✐♦♥s
❆s ✇❡ ❤❛✈❡ ♥♦ ❡①♣❧✐❝✐t ✉♥st❡❛❞② s♦❧✉t✐♦♥s ❢♦r t❤❡ ❝♦♠♣r❡ss✐❜❧❡ ❡q✉❛t✐♦♥s✱ ✇❡ ❝❛♥♥♦t ❛♥❛❧②③❡ t❤❡
✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ❧♦✇ ▼❛❝❤ ♥✉♠❜❡r ❛ss✉♠♣t✐♦♥✳ ❚❤✐s ♠❛❞❡ ✉s ❢♦❝✉s ♦♥ st❡❛❞② st❛t❡s ✐♥ ♦r❞❡r t♦ ♣r♦✈✐❞❡
❛ q✉❛❧✐t❛t✐✈❡ st✉❞②✳ ❚❤✉s ✇❡ ❛ss✉♠❡ ✐♥ t❤✐s s❡❝t✐♦♥ t❤❛t ̺e ❛♥❞ ue ❛r❡ s♦♠❡ ❝♦♥st❛♥ts ❛♥❞ t❤❛t
Ps(t) = ps✳
✸✳✷✳✶ ❈♦♠♣r❡ss✐❜❧❡ ♠♦❞❡❧
❈♦♥tr❛r② t♦ t❤❡ ✉♥st❡❛❞② ❝❛s❡✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ❞❡r✐✈❡ ✐♥ t❤✐s ♣❛r❛❣r❛♣❤ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥s ❢♦r st❡❛❞②
s♦❧✉t✐♦♥s t♦ ❙②st❡♠ ✭✷✳✹✮ s✉♣♣❧❡♠❡♥t❡❞ ✇✐t❤ ❇❈ ✭✷✳✻✮✳ ❚❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ s✉❝❤ s♦❧✉t✐♦♥s ❢♦r t❤❡ ❊✉❧❡r
❡q✉❛t✐♦♥s ✐♥ t❤❡ tr❛♥s♦♥✐❝ ❝❛s❡ ❛♥❞ t❤❡✐r ♣❤②s✐❝❛❧✴♥✉♠❡r✐❝❛❧ st❛❜✐❧✐t② ❤❛✈❡ ❜❡❡♥ st✉❞✐❡❞ ❢♦r ❡①❛♠♣❧❡
✐♥ ❬✶✻❪ ✭✐♥ t❤❡ ❝❛s❡ Φ = 0✱ ✇✐t❤♦✉t ❡♥❡r❣② ❛♥❞ ✇✐t❤ ✈❛r✐❛❜❧❡ ❛r❡❛✮✳
De := ̺eue ❞❡♥♦t❡s t❤❡ ✐♥✢♦✇ r❛t❡✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦♥❞✐♠❡♥s✐♦♥❛❧✐③❡❞ ❝♦❡✣❝✐❡♥ts
p˜s =
ps̺e
D2e
, Φ˜ =
2Φ0̺
2
e(b− a)
D3e
. ✭✸✳✹✮
■♥ t❤❡ s❡q✉❡❧✱ ˜ ✇✐❧❧ ❞❡♥♦t❡ ✈❛r✐❛❜❧❡s ✇✐t❤♦✉t ❞✐♠❡♥s✐♦♥✳ ❲❡ ❛❧s♦ r❡❝❛❧❧ t❤❛t Υ > 1✳
Pr♦♣♦s✐t✐♦♥ ✷✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t t❤❡ ♣❤②s✐❝❛❧ ❛♥❞ ❜♦✉♥❞❛r② ❞❛t❛ s❛t✐s❢② t❤❡ ✐♥❡q✉❛❧✐t②
p˜s >
Υ− 1
Υ
1 +
√
Φ˜
2Υ− 1
 . ✭❍✶✮
❚❤❡♥ ❙②st❡♠ ✭✷✳✹✮ s❡t ✐♥ (a, b) ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭✷✳✻✮ ❛❞♠✐ts t❤❡ ❢♦❧❧♦✇✐♥❣ st❡❛❞② st❛t❡
ρ∞(x) = ̺e
Υ(p˜e + 1) +
√
(Υp˜e −Υ+ 1)2 − (2Υ− 1)Φ˜x−ab−a
2Υp˜e + 1 + Φ˜
x−a
b−a
,
p∞(x) =
D2e
(2Υ− 1)̺e
[
(Υ− 1)(p˜e + 1) +
√
(Υp˜e −Υ+ 1)2 − (2Υ− 1)Φ˜x−ab−a
]
,
u∞(x) =
De
(2Υ− 1)̺e
[
Υ(p˜e + 1)−
√
(Υp˜e −Υ+ 1)2 − (2Υ− 1)Φ˜x−ab−a
]
,
✭✸✳✺✮
✇❤❡r❡ p˜e := (Υ− 1)(1− p˜s) +
√
(Υp˜s −Υ+ 1)2 + Φ˜✳
◆♦t✐❝❡ t❤❛t p∞(a) =
D2e p˜e
̺e
✳
❈♦r♦❧❧❛r② ✶✳ ❍②♣♦t❤❡s✐s ✭❍✶✮ ❝♦rr❡s♣♦♥❞s t♦ ❛ s✉❜s♦♥✐❝ ❝♦♥✜❣✉r❛t✐♦♥✱ ✐✳❡✳ t❤❡ ▼❛❝❤ ♥✉♠❜❡r maxxM∞(x)
❛ss♦❝✐❛t❡❞ ✇✐t❤ ✭✸✳✺✮ ✐s ❧♦✇❡r t❤❛♥ 1✳
Pr♦♣♦s✐t✐♦♥ ✸✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t t❤❡ ❞❛t❛ s❛t✐s❢② t❤❡ ✐♥❡q✉❛❧✐t✐❡s
Φ˜ <
(Υ− 1)2
2Υ− 1 , ℘ < p˜s <
Υ− 1
Υ
1−
√
Φ˜
2Υ− 1
 , ✭❍✷✮
✶✵
✇❤❡r❡ ℘ = Υ−12Υ−1
(
1−
√
1− 2Υ−1
(Υ−1)2
Φ˜
)
✳ ❚❤❡♥ ❙②st❡♠ ✭✷✳✹✮ s❡t ✐♥ (a, b) ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭✷✳✻✮
❛❞♠✐ts t❤❡ ❢♦❧❧♦✇✐♥❣ st❡❛❞② st❛t❡
ρ∞(x) = ̺e
Υ(p˜e + 1)−
√
(Υp˜e −Υ+ 1)2 − (2Υ− 1)Φ˜x−ab−a
2Υp˜e + 1 + Φ˜
x−a
b−a
,
p∞(x) =
D2e
(2Υ− 1)̺e
[
(Υ− 1)(p˜e + 1)−
√
(Υp˜e −Υ+ 1)2 − (2Υ− 1)Φ˜x−ab−a
]
,
u∞(x) =
De
(2Υ− 1)̺e
[
Υ(p˜e + 1) +
√
(Υp˜e −Υ+ 1)2 − (2Υ− 1)Φ˜x−ab−a
]
,
✭✸✳✻✮
✇❤❡r❡ p˜e := (Υ− 1)(1− p˜s)−
√
(Υp˜s −Υ+ 1)2 + Φ˜✳
❈♦r♦❧❧❛r② ✷✳ ❍②♣♦t❤❡s✐s ✭❍✷✮ ❝♦rr❡s♣♦♥❞s t♦ ❛ s✉♣❡rs♦♥✐❝ ❝♦♥✜❣✉r❛t✐♦♥✱ ✐✳❡✳ t❤❡ ▼❛❝❤ ♥✉♠❜❡r
maxxM∞(x) ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✭✸✳✻✮ ✐s ❣r❡❛t❡r t❤❛♥ 1✳
❈♦r♦❧❧❛r② ✸✳ ❲❤❡♥ Φ ❞❡♣❡♥❞s ♦♥ t❤❡ s♣❛❝❡ ✈❛r✐❛❜❧❡ ✭❜✉t ✐s st✐❧❧ ♣♦s✐t✐✈❡✮✱ t❤❡ ♣r❡✈✐♦✉s ♣r♦♣♦s✐t✐♦♥s
✭✷ ❛♥❞ ✸✮ ❤♦❧❞ ✇✐t❤ Φ˜ ❛♥❞ x−ab−a r❡♣❧❛❝❡❞ r❡s♣❡❝t✐✈❡❧② ❜②
2̺2e
D3e
∫ b
a
Φ(y) dy ❛♥❞
∫ x
a Φ(y) dy∫ b
a Φ(y) dy
.
❘❡♠❛r❦ ✷✳ ❙t❡❛❞② st❛t❡s ✭✸✳✺✮ ❛♥❞ ✭✸✳✻✮ ❛r❡ ♥♦t ❦♥♦✇♥ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ t♦ ♦✉r ❦♥♦✇❧❡❞❣❡✳ ❉✉❡ t♦ t❤❡
s♦✉r❝❡ t❡r♠ Φ✱ t❤❡② ❛r❡ ♥♦t tr✐✈✐❛❧✳ ❍♦✇❡✈❡r✱ t❤❡② ❛r❡ s♠♦♦t❤ ❢✉♥❝t✐♦♥s ♦❢ Φ˜ ✭❛♥❞ t❤✉s ♦❢ Φ0✮ ❛♥❞ ✇❤❡♥
Φ0 → 0✱ ✇❡ r❡❝♦✈❡r t❤❡ st❛♥❞❛r❞ tr✐✈✐❛❧ st❡❛❞② st❛t❡ ❢♦r t❤❡ ❊✉❧❡r s②st❡♠✱ ✐✳❡✳ (ρ∞, u∞, p∞) = (̺e, ue, ps)
❢r♦♠ Pr♦♣✳ ✷ ❢♦r p˜s >
Υ−1
Υ ❛♥❞ ❢r♦♠ Pr♦♣✳ ✸ ❢♦r 0 < p˜s <
Υ−1
Υ ✳
❆s st❛t❡❞ ✐♥ Pr♦♣✳ ✷ ❛♥❞ Pr♦♣✳ ✸✱ ✇❡ ❝❛♥♥♦t ❛❧✇❛②s ❡①❤✐❜✐t ❛ st❡❛❞② st❛t❡✳ ❚❤❡ ❞♦♠❛✐♥ ♦❢ ❡①✐st❡♥❝❡
✐s ❞r❛✇♥ ♦♥ ❋✐❣✉r❡ ✸✳ ▲❡t ✉s ♠❛❦❡ s♦♠❡ ❝♦♠♠❡♥ts ❛❜♦✉t t❤✐s ❣r❛♣❤✳ ❚❤❡ ❞❛s❤❡❞ ❧✐♥❡ ❝♦rr❡s♣♦♥❞s
t♦ t❤❡ s♦♥✐❝ ❧✐♥❡✳ ❆❜♦✈❡ t❤✐s ❧✐♥❡ ✭❞♦tt❡❞ ❛r❡❛✮✱ t❤❡ ✢♦✇ ✐s s✉❜s♦♥✐❝ ❛♥❞ ❛ st❡❛❞② st❛t❡ ❝❛♥ ❛❧✇❛②s ❜❡
❝♦♠♣✉t❡❞✳ ❚❤❡ ❧♦❝❛t✐♦♥ ♦❢ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐s t❤❡♥ ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛ss♦❝✐❛t❡❞
✇✐t❤ t❤❡ ❊✉❧❡r s②st❡♠✱ ✇❤✐❝❤ ❛r❡ u − c✱ u ❛♥❞ u + c ✇❤❡r❡ c ✐s t❤❡ s♣❡❡❞ ♦❢ s♦✉♥❞✳ ❚❤❡r❡ ❛r❡ t✇♦
♣♦s✐t✐✈❡ ❡✐❣❡♥✈❛❧✉❡s ✭❛♥❞ t✇♦ ✐♥♣✉t ❇❈✮ ❛♥❞ ❛ ♥❡❣❛t✐✈❡ ♦♥❡ ✭❛♥❞ ♦♥❡ ♦✉t♣✉t ❇❈✮✳
❇❡❧♦✇ t❤❡ s♦♥✐❝ ❧✐♥❡✱ t❤✐s st❛t❡♠❡♥t ❞♦❡s ♥♦t ❤♦❧❞ ❛♥②♠♦r❡ ✭✸ ♣♦s✐t✐✈❡ ❡✐❣❡♥✈❛❧✉❡s✮ ❛♥❞ ✇❡ ❝♦✉❧❞ ❡①♣❡❝t
t♦ ❤❛✈❡ ♥♦ st❡❛❞② st❛t❡✳ ❍♦✇❡✈❡r✱ t❤❡r❡ ❡①✐sts ❛ s♠❛❧❧ ❞♦♠❛✐♥ ✭❞❛s❤❡❞ ❛r❡❛✮ ✐♥ t❤❡ s✉♣❡rs♦♥✐❝ ♣❛rt✳
❆s t❤❡ tr✐✈✐❛❧ st❛t❡ (̺e, ue, ps) ✐s ❛ st❛t✐♦♥❛r② s♦❧✉t✐♦♥ ✇❤❡♥ Φ0 = 0 ♥♦ ♠❛tt❡r ✇❤❛t t❤❡ r❡❣✐♠❡ ♦❢
❝♦♠♣r❡ss✐❜✐❧✐t② ✭s❡❡ ❘❡♠✳ ✷✮✱ t❤✐s ❛r❡❛ ❧♦♦❦s ❧✐❦❡ ❛ ❝♦♥t✐♥✉♦✉s ❡①t❡♥s✐♦♥ ✐♥ t❤❡ ✈✐❝✐♥✐t② ♦❢ t❤❡s❡ tr✐✈✐❛❧
st❛t❡s✳
❲❡ ♠❛❦❡ t✇♦ ♦t❤❡r r❡♠❛r❦s ❛❜♦✉t t❤❡ r❡s✉❧ts ♦❢ t❤✐s s❡❝t✐♦♥✳ ❚❤❡ ✜rst ♦♥❡ ✐s ❛❜♦✉t ✉♥✐q✉❡♥❡ss✿ ❛s ✐t
✇✐❧❧ ❜❡ ❞❡t❛✐❧❡❞ ❜❡❧♦✇✱ t❤❡ ♣r♦♦❢ ❣♦❡s t♦ s❤♦✇ t❤❛t ✭✸✳✺✮ ✐s t❤❡ ✉♥✐q✉❡ s♠♦♦t❤ s✉❜s♦♥✐❝ st❡❛❞② s♦❧✉t✐♦♥✳
❚❤❡ s❡❝♦♥❞ ♦♥❡ ✐s t❤❛t t❤❡s❡ s♦❧✉t✐♦♥s ❛r❡ s♦♠❡ st❡❛❞② s♦❧✉t✐♦♥s ❜✉t ✇❡ ❞♦ ♥♦t st❛t❡ t❤❛t t❤❡② ❛r❡
❛s②♠♣t♦t✐❝ s♦❧✉t✐♦♥s✿ t❤❡r❡ ✐s ♥♦ ♣r♦♦❢ t❤❛t ❛♥② ✉♥st❡❛❞② s♦❧✉t✐♦♥ ✇♦✉❧❞ ❝♦♥✈❡r❣❡ ❛s t→ +∞ t♦✇❛r❞s
✭✸✳✺✮✳ ▲❛r❣❡ t✐♠❡ ❜❡❤❛✈✐♦✉r ♦❢ s♦❧✉t✐♦♥s t♦ ❊✉❧❡r ❡q✉❛t✐♦♥s ✐s ✐♥❞❡❡❞ ❛♥ ♦♣❡♥ q✉❡st✐♦♥ ✇❤✐❝❤ ✐s ♥♦t
tr❡❛t❡❞ ✐♥ t❤✐s ♣❛♣❡r✳
✶✶
M∞ = 1
0
Φ0
ps
Υ−1
Υ
̺eu
2
e
Υ−1
2Υ−1
̺eu
2
e
(Υ−1)2
2Υ−1
̺eu
3
e
2(b−a)
❋✐❣✉r❡ ✸✿ ❊①✐st❡♥❝❡ ♦❢ ❛ st❡❛❞② st❛t❡ ✐♥ t❤❡ (Φ0, ps) ❞♦♠❛✐♥✿ t❤❡ ❞♦tt❡❞ ❛r❡❛ ❝♦rr❡s♣♦♥❞s t♦ Pr♦♣✳ ✷
✭M∞ < 1✮ ❛♥❞ t❤❡ ❤❛t❝❤❡❞ ❞♦♠❛✐♥ t♦ Pr♦♣✳ ✸ ✭M∞ > 1✮
Pr♦♦❢ ♦❢ Pr♦♣✳ ✷ ❛♥❞ ✸✳ ❲❡ ✉s❡ ❛ s❤♦♦t✐♥❣ ♠❡t❤♦❞ ❜② t✉♥✐♥❣ t❤❡ ✐♥✢♦✇ ♣r❡ss✉r❡ pe = p∞(x = a) s♦
t❤❛t ✭✷✳✻❝✮ ✐s s❛t✐s✜❡❞✳ ▲❡t ✉s s❡t
p˜e =
pe̺e
D2e
.
■♥t❡❣r❛t✐♥❣ ✭✷✳✹✮ ♦✈❡r (a, x) ❛♥❞ t❛❦✐♥❣ ❇❈ ✭✷✳✻❛✲✷✳✻❜✮ ✐♥t♦ ❛❝❝♦✉♥t✱ t❤❡ st❡❛❞② st❛t❡s s❛t✐s❢② t❤❡
❡q✉❛❧✐t✐❡s 
ρ∞(x)u∞(x)−De = 0, ✭✸✳✼❛✮
ρ∞(x)u∞(x)
2 − ̺eu2e + p∞(x)− pe = 0, ✭✸✳✼❜✮
Υp∞(x)u∞(x) +
1
2ρ∞(x)u∞(x)
3 −Υpeue − 12̺eu3e = Φ0(x− a). ✭✸✳✼❝✮
❆ss✉♠✐♥❣ ρ∞(x) > 0✱ ❊q✳ ✭✸✳✼❛✮ ②✐❡❧❞s
u∞(x) =
De
ρ∞(x)
. ✭✸✳✼❛✬✮
❉✉❡ t♦ t❤✐s r❡❧❛t✐♦♥✱ ✭✸✳✼❜✮ r❡❛❞s
p∞(x) = pe −D2e
(
1
ρ∞(x)
− 1
̺e
)
. ✭✸✳✼❜✬✮
■♥s❡rt✐♥❣ r❡❧❛t✐♦♥s ✭✸✳✼❛✬✮ ❛♥❞ ✭✸✳✼❜✬✮ ✐♥t♦ ✭✸✳✼❝✮ ❛♥❞ ♠✉❧t✐♣❧②✐♥❣ ❜② ρ2∞✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥ ❢♦r ρ∞
ρ∞(x)
2
(
Φ˜
x− a
b− a + 1 + 2Υp˜e
)
− 2Υ̺e(1 + p˜e)ρ∞(x) + ̺2e(2Υ− 1) = 0.
❚❤❡♥✱ ♣r♦✈✐❞❡❞ t❤❛t
(2Υ− 1)Φ˜ ≤ (Υp˜e −Υ+ 1)2, ✭✸✳✽✮
✶✷
t❤❡ s♦❧✉t✐♦♥ ✐s r❡❛❧✲✈❛❧✉❡❞ ❛♥❞ r❡❛❞s
ρ∞(x) = ̺e
Υ(p˜e + 1)±
√
(Υp˜e −Υ+ 1)2 − (2Υ− 1)Φ˜x−ab−a
2Υp˜e + 1 + Φ˜
x−a
b−a
.
❚❤❡ ±✲s✐❣♥ ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ρ∞(a) = ̺e✳ ■♥❞❡❡❞✿
ρ∞(a) = ̺e
Υ(p˜e + 1)± |Υp˜e −Υ+ 1|
2Υp˜e + 1
.
❚❤❡ r❡q✉✐r❡♠❡♥t ρ∞(a) = ̺e ✐s t❤✉s s❛t✐s✜❡❞ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s✐❣♥ ♦❢ Υp˜e − Υ + 1✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱
✇❡ ❤❛✈❡
ρ∞(x) =

̺e
Υ(p˜e + 1) +
√
(Υp˜e −Υ+ 1)2 − (2Υ− 1)Φ˜x−ab−a
2Υp˜e + 1 + Φ˜
x−a
b−a
, ✐❢ p˜e ≥ Υ−1Υ ,
̺e
Υ(p˜e + 1)−
√
(Υp˜e −Υ+ 1)2 − (2Υ− 1)Φ˜x−ab−a
2Υp˜e + 1 + Φ˜
x−a
b−a
, ♦t❤❡r✇✐s❡✳
✭✸✳✾❛✮
❈♦♥s❡q✉❡♥t❧② ✭s❡❡ ❆♣♣❡♥❞✐① ❆✳✶✮✱ ✐♥s❡rt✐♥❣ ✭✸✳✾❛✮ ✐♥t♦ ✭✸✳✼❜✬✮
p∞(x) =
D2e
(2Υ− 1)̺e
[
(Υ− 1)(p˜e + 1) +
√
(Υp˜e −Υ+ 1)2 − (2Υ− 1)Φ˜x−ab−a
]
, ✐❢ p˜e ≥ Υ−1Υ ,
D2e
(2Υ− 1)̺e
[
(Υ− 1)(p˜e + 1)−
√
(Υp˜e −Υ+ 1)2 − (2Υ− 1)Φ˜x−ab−a
]
, ♦t❤❡r✇✐s❡✳
✭✸✳✾❜✮
❚❤❡ s❤♦♦t✐♥❣ ♠❡t❤♦❞ t❤❡♥ ❝♦♥s✐sts ✐♥ ❝❤♦♦s✐♥❣ ♣r❡ss✉r❡ pe s✉❝❤ t❤❛t p∞(b) = ps ✐♥ ♦r❞❡r t♦ ♠❛t❝❤
❇❈ ✭✷✳✻❝✮✳ ❚♦ ❞♦ s♦✱ ✇❡ ♥♦t✐❝❡ t❤❛t
p∞(b) = ps
✭✸✳✾❜✮⇐⇒ (2Υ− 1)p˜s − (Υ− 1)(p˜e + 1) = ±
√
(Υp˜e −Υ+ 1)2 − (2Υ− 1)Φ˜.
❙q✉❛r✐♥❣ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❧❛tt❡r ❡q✉❛❧✐t② s❤♦✇s t❤❛t p˜e ✐s ♥❡❝❡ss❛r✐❧② ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ❡q✉❛t✐♦♥
p˜2e + 2(Υ− 1)(p˜s − 1)p˜e − (2Υ− 1)p˜2s + 2(Υ− 1)p˜s − Φ˜ = 0. ✭✸✳✶✵✮
❚❤❡♥
p˜±e = (Υ− 1)(1− p˜s)±
√
(Υp˜s −Υ+ 1)2 + Φ˜. ✭✸✳✶✶✮
❲❡ ❝❛♥ ✈❡r✐❢② t❤❛t
±
[
p˜±e −
Υ− 1
Υ
]
≥ 0, ✭✸✳✶✷❛✮
(Υp˜±e −Υ+ 1)2 ≥ (2Υ− 1)Φ˜. ✭✸✳✶✷❜✮
■♥ ❢❛❝t✱ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ✭✸✳✶✷❛✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ ±Λ±(Xs) ≥ 0 ✇❤❡r❡
Λ±(Y ) := Y ± Υ
Υ− 1
√
Y 2 + Φ˜ ❛♥❞ Xs = Υ−Υp˜s − 1.
❲❡ ❡❛s✐❧② ❝❤❡❝❦ t❤❛t Λ± ❤❛s ✐♥❞❡❡❞ t❤❡ s✐❣♥ ♦❢ ± ♦✈❡r R✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✭✸✳✶✷❜✮ ❝♦♠❡s ❢r♦♠ t❤❡
❡q✉❛❧✐t② ✭s❡❡ ❆♣♣❡♥❞✐① ❆✳✷✮
(Υp˜±e −Υ+ 1)2 − (2Υ− 1)Φ˜ =
[
ΥXs ± (Υ− 1)
√
X 2s + Φ˜
]2
. ✭✸✳✶✸✮
✶✸
❍❡♥❝❡ ✭✸✳✶✷❛✮ ❞❡t❡r♠✐♥❡s t❤❡ s♦❧✉t✐♦♥ ✐♥ ✭✸✳✾✮ t❤r♦✉❣❤ t❤❡ s❡❧❡❝t✐♦♥ ♦❢ t❤❡ r❡❧❡✈❛♥t ❝❛s❡ ✭✜rst ❝❛s❡✿
p˜e = p˜
+
e ❀ s❡❝♦♥❞ ❝❛s❡✿ p˜e = p˜
−
e ✮ ✇❤✐❧❡ ✭✸✳✶✷❜✮ ❡♥s✉r❡s t❤❛t ❍②♣✳ ✭✸✳✽✮ ❤♦❧❞s✳
❈♦♥✈❡rs❡❧②✱ ❧❡t ✉s ✈❡r✐❢② t❤❛t ❙♦❧✉t✐♦♥ ✭✸✳✾✮ t♦❣❡t❤❡r ✇✐t❤ p˜±e ❣✐✈❡♥ ❜② ✭✸✳✶✶✮ ✐s ✐♥❞❡❡❞ ❛ ♣❤②s✐❝❛❧❧②
❛❞♠✐ss✐❜❧❡ s♦❧✉t✐♦♥ t♦ ❙②st❡♠ ✭✷✳✹✮ ✇✐t❤ ❇❈ ✭✷✳✻✮✳ ❋✐rst✱ ✇❡ ❝❤❡❝❦ t❤❡ ♣♦s✐t✐✈✐t② ♦❢ ρ±∞✳ ■t ✐s ♦❜✈✐♦✉s
❢♦r ρ+∞ ❛s t❤❡ s✉♠ ♦❢ ♣♦s✐t✐✈❡ t❡r♠s ❞✉❡ t♦ ✭✸✳✶✷❛✮ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t p˜
+
e >
Υ−1
Υ > 0✳ ❋♦r ρ
−
∞✱ t❤❡
♥✉♠❡r❛t♦r ✐s ♠✐♥✐♠❛❧ ❛t x = a ❛♥❞ t❤❡ ♣♦s✐t✐✈✐t② ✐s ❛❧s♦ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✸✳✶✷❛✮✳
❲❡ t❤❡♥ ❡♥s✉r❡ t❤❛t p±∞(x = b) = ps✳ ❲❡ ❞❡❞✉❝❡ ❢r♦♠ ✭✸✳✾❜✮ ❢♦r x = b✱ ❢r♦♠ ✭✸✳✶✶✮ ❛♥❞ ✭✸✳✶✸✮
p±∞(b) =
(Υ− 1)D2e
(2Υ− 1)̺e
(
(Υ− 1)(1− p˜s) + 1±
√
X 2s + Φ˜±
∣∣∣∣ ΥΥ− 1Xs ±
√
X 2s + Φ˜
∣∣∣∣) .
❲❡ r❡♠❛r❦ t❤❛t
❼ p+∞(b) = ps ✐❢ ❛♥❞ ♦♥❧② ✐❢
Υ
Υ− 1Xs < −
√
X 2s + Φ˜ ⇐⇒ Xs < −(Υ− 1)
√
Φ˜
2Υ− 1 ⇐⇒ ✭❍✶✮. ✭✸✳✶✹✮
❆s p+∞ ✐s ♠♦♥♦t♦♥❡ ❞❡❝r❡❛s✐♥❣✱ ✇❡ ♦❜s❡r✈❡ t❤❛t p
+
∞(x) ≥ ps > 0 ❢♦r ❛❧❧ x ✇❤✐❝❤ ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢
Pr♦♣✳ ✷ ❛s ✭✸✳✺✮ ✐s ✐♥❞❡❡❞ ❛ ♣❤②s✐❝❛❧ s♦❧✉t✐♦♥✳
❼ p−∞(b) = ps ✐❢ ❛♥❞ ♦♥❧② ✐❢
Υ
Υ− 1Xs >
√
X 2s + Φ˜ ⇐⇒ Xs > (Υ− 1)
√
Φ˜
2Υ− 1
⇐⇒ p˜s < p˜∗ := Υ− 1
Υ
1−
√
Φ˜
2Υ− 1
 . ✭✸✳✶✺✮
❍❡♥❝❡ t❤❡ r✐❣❤t ♣❛rt ♦❢ ✭❍✷✮✳ ◆♦t✐❝❡ t❤❛t t❤❡ ♣♦s✐t✐✈✐t② ♦❢ p˜s ✐♠♣❧✐❡s t❤❛t ✇❡ ❤❛✈❡
Φ˜ < 2Υ− 1.
❆s p−∞ ✐s ♠♦♥♦t♦♥❡✲✐♥❝r❡❛s✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ x✱ ✇❡ ♠✉st t❤❡♥ t❛❦❡ ❝❛r❡ ♦❢ t❤❡ ♣♦s✐t✐✈✐t② ♦❢
p−e = p
−
∞(a) ✕ ♦r ❡q✉✐✈❛❧❡♥t❧② ♦❢ p˜
−
e ✕ ✐♥ ♦r❞❡r t♦ ❡♥s✉r❡ t❤❛t p
−
∞ r❡♠❛✐♥s ♣♦s✐t✐✈❡ ♦✈❡r (a, b)✳ p˜
−
e
❞❡✜♥❡❞ ❜② ✭✸✳✶✶✮ ✐♥❝r❡❛s❡s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ p˜s t❤❡♥ ❞❡❝r❡❛s❡s✳ ■♥❞❡❡❞✱ ❛s
(p˜−e )
′(p˜s) = −(Υ− 1)−Υ Υp˜s −Υ+ 1√
(Υp˜s −Υ+ 1)2 + Φ˜
,
(p˜−e )
′′(p˜s) = − Υ
2Φ˜[
(Υp˜s −Υ+ 1)2 + Φ˜
]3/2 < 0,
✇❡ ✐♥❞✉❝❡ t❤❛t (p˜−e )
′ ✐s ♠♦♥♦t♦♥❡✲❞❡❝r❡❛s✐♥❣ ❛♥❞ ✇❡ ✈❡r✐❢② t❤❛t (p˜−e )
′(p˜∗) = 0 ✇✐t❤ p˜∗ ❞❡✜♥❡❞
❜② ✭✸✳✶✺✮✳ ❋✉♥❝t✐♦♥ p˜−e t❤✉s ❛❞♠✐ts ❛ ♠❛①✐♠✉♠ ❛t p˜∗✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛①✐♠❛❧ ✈❛❧✉❡
p˜−e (p˜∗) =
Υ− 1
Υ
− 2Υ− 1
Υ
√
Φ˜
2Υ− 1
✐s ♣♦s✐t✐✈❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ Φ˜ < (Υ−1)
2
2Υ−1 < 2Υ− 1✳ ❯♥❞❡r t❤❛t ❝♦♥❞✐t✐♦♥✱ t❤❡ ❞♦♠❛✐♥ ♦❢ ♣♦s✐t✐✈✐t② ♦❢
p˜−e ✇rt p˜s r❡❛❞s [℘, ℘] ✕ s❡❡ ❋✐❣✳ ✹ ✕ ✇❤❡r❡ ℘, ℘ ❛r❡ s♦❧✉t✐♦♥s t♦ p˜e(X) = 0 ⇐⇒ (2Υ− 1)X2 −
2(Υ − 1)X + Φ˜ = 0✳ ●✐✈❡♥ t❤❛t ℘ < p˜∗ < ℘ ❛♥❞ p˜s < p˜∗ ❛❝❝♦r❞✐♥❣ t♦ ✭✸✳✶✺✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t
✭✸✳✻✮ ✐s ❛ ♣❤②s✐❝❛❧❧② ❛❞♠✐ss✐❜❧❡ s♦❧✉t✐♦♥ ❢♦r p˜s ∈ (℘, p˜∗)✳
✶✹
p˜s
p˜−e
0 p˜∗ +∞
< 0
p˜−e (p˜∗)
−∞
℘
0
℘
0
❋✐❣✉r❡ ✹✿ ❱❛r✐❛t✐♦♥s ♦❢ p˜−e (p˜s) = (Υ− 1)(1− p˜s)−
√
(Υp˜s −Υ+ 1)2 + Φ˜
Pr♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✶✱ ♣❛❣❡ ✶✵ ❛♥❞ ❈♦r♦❧❧❛r② ✷✱ ♣❛❣❡ ✶✶✳ ❯♥❞❡r t❤❡ ❤②♣♦t❤❡s❡s ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✱ t❤❡
❧♦❝❛❧ ▼❛❝❤ ♥✉♠❜❡r ✐s ❣✐✈❡♥ ❜②
M∞(x) = u∞(x)√
Υp∞(x)
(Υ−1)ρ∞(x)
=
(
Υ− 1
Υ
)1/2 De√
p∞(x)ρ∞(x)
✭✸✳✼❜✬✮
=
(
Υ− 1
Υ
)1/2 [ρ∞(x)
̺e
(1 + p˜+e )− 1
]−1/2
.
❆s ρ∞ ❢r♦♠ ✭✸✳✺✮ ❞❡❝r❡❛s❡s ✭s❡❡ ❆♣♣❡♥❞✐① ❆✳✶✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t M∞ ✐s ♠♦♥♦t♦♥❡✲✐♥❝r❡❛s✐♥❣ ✇✐t❤
r❡s♣❡❝t t♦ x ❛♥❞ ✐s t❤✉s ♠❛①✐♠❛❧ ❛t x = b✳ ▼♦r❡♦✈❡r
M∞(b) =
√
(Υ− 1)Deu∞(b)
Υps
✭✸✳✺✮
=
(
Υ− 1
Υ(2Υ− 1)p˜s
)1/2√
Υ(p˜+e + 1)−
√
(Υp˜+e −Υ+ 1)2 − (2Υ− 1)Φ˜. ✭✸✳✶✻✮
❲❡ ❞❡❞✉❝❡ ❢r♦♠ ✭✸✳✶✶✮+ ❛♥❞ ✭✸✳✶✸✮ t❤❛t t❤❡ sq✉❛r❡ r♦♦t ❛❜♦✈❡ ✐♥ ✭✸✳✶✻✮ ✐s ❡q✉❛❧ t♦√
(Υ− 1)(Xs + 1) + Υ+Υ
√
X 2s + Φ˜−
∣∣∣∣ΥXs + (Υ− 1)√X 2s + Φ˜∣∣∣∣
✭✸✳✶✹✮
=
√
(2Υ− 1)
[
Xs + 1 +
√
X 2s + Φ˜
]
❲❡ r❡❝❛❧❧ t❤❛t ✇❡ s❡t Xs = Υ − 1 − Υp˜s < 0✳ ❯s✐♥❣ ❛❣❛✐♥ ✭✸✳✶✹✮ t❤r♦✉❣❤
√
X 2s + Φ˜ < − ΥΥ−1Xs✱ ✇❡
♦❜t❛✐♥ ❢r♦♠ ✭✸✳✶✻✮
M∞(x) ≤M∞(b) <
(
Υ− 1
Υp˜s
)1/2√
1− Xs
Υ− 1 =
(
Υ− 1
Υp˜s
)1/2√
1− Υ−Υp˜s − 1
Υ− 1 = 1.
❆s ❢♦r t❤❡ s❡❝♦♥❞ ❝❛s❡ ✭Pr♦♣✳ ✸✮✱ t❤❡ s❛♠❡ ❝❛❧❝✉❧❛t✐♦♥s ❤♦❧❞ ❡①❝❡♣t t❤❛t M∞ ✐s ♠♦♥♦t♦♥❡✲❞❡❝r❡❛s✐♥❣
❛♥❞ ✐s t❤✉s ♠✐♥✐♠❛❧ ❛t x = b✳ ❯♥❞❡r ✭❍✷✮✱ ✇❡ ♦❜t❛✐♥ s✐♠✐❧❛r❧② M∞(x) ≥M∞(b) > 1✳
✶✺
✸✳✷✳✷ ▲♦✇ ▼❛❝❤ ♥✉♠❜❡r ♠♦❞❡❧
❙✐♠✐❧❛r❧② t♦ ❙❡❝t✐♦♥ ✸✳✶✱ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥s ❢♦r st❡❛❞② s♦❧✉t✐♦♥s t♦ t❤❡ ❧♦✇ ▼❛❝❤ ♥✉♠❜❡r ♠♦❞❡❧ ✭✷✳✺✮
❝❛♥ ❜❡ ❡❛s✐❧② ❞❡r✐✈❡❞✳ ❚❤✐s r❡s✉❧ts ❢r♦♠ ❞✐r❡❝t ✐♥t❡❣r❛t✐♦♥s ♦❢ t❤❡ ❡q✉❛t✐♦♥s✳
▲❡♠♠❛ ✶✳ ❚❤❡ st❡❛❞② s♦❧✉t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❙②st❡♠ ✭✷✳✺✮ r❡❛❞s✱ ❛❝❝♦r❞✐♥❣ t♦ ◆♦t❛t✐♦♥s ✭✸✳✹✮
ρLM∞ (x) =
̺e
1 + Φ0Υpsue (x− a)
=
̺e
1 + 12
Φ˜
Υp˜s
x−a
b−a
,
pLM∞ (x) = ps,
πLM∞ (x) = ̺eue
Φ0
Υps
(b− x) = ̺eu2e2 Φ˜Υp˜s b−xb−a ,
uLM∞ (x) = ue
(
1 + Φ0Υpsue (x− a)
)
= ue
(
1 + 12
Φ˜
Υp˜s
x−a
b−a
)
.
✭✸✳✶✼✮
❘❡♠❛r❦ ✸✳ ❚❤✐s r❡s✉❧t ❡❛s✐❧② ❡①t❡♥❞s t♦ t❤❡ ❝❛s❡ Φ = Φ(x) s✐♠✐❧❛r❧② t♦ ❈♦r♦❧❧❛r② ✸ ❜② t❛❦✐♥❣ Φ˜ =
2̺2e
D3e
∫ b
a Φ(y) dy ❛♥❞ ❜② r❡♣❧❛❝✐♥❣
x−a
b−a ❜② ∫ x
a Φ(y) dy∫ b
a Φ(y) dy
.
❘❡♠❛r❦ ✹✳ ❯♥❧✐❦❡ t❤❡ ❝♦♠♣r❡ss✐❜❧❡ ❝❛s❡✱ t❤❡ ❧♦✇ ▼❛❝❤ ♥✉♠❜❡r ♠♦❞❡❧ ❤❛s ♥♦ r❡str✐❝t✐♦♥✿ ✐t ❛❧✇❛②s
❛❞♠✐ts ❛ st❡❛❞② st❛t❡ ❛♥❞ ❤❛s ❛ ♠❛t❤❡♠❛t✐❝❛❧ ♠❡❛♥✐♥❣ ♥♦ ♠❛tt❡r ✇❤❛t t❤❡ ✉♥❞❡r❧②✐♥❣ ▼❛❝❤ r❡❣✐♠❡✳ ■❢
t❤❡ ▼❛❝❤ ♥✉♠❜❡r ✐♥❝r❡❛s❡s✱ t❤❡ ♠♦❞❡❧ ✐s st✐❧❧ ✇❡❧❧✲♣♦s❡❞ ❜✉t ❧♦♦s❡s ✐ts ♣❤②s✐❝❛❧ ❧❡❣✐t✐♠❛❝② ✭s❡❡ ❋✐❣✉r❡s ✻
❛♥❞ ✼✮✳ ❆s ❛♥ ❡①❛♠♣❧❡✱ ✇❡ ♥♦t✐❝❡ t❤❛t ∂xu
BM
∞ > 0 ❢♦r ❛♥② Φ0 > 0 ✇❤✐❧❡ t❤❡ s✐❣♥ ♦❢ ∂xu∞ ❞❡♣❡♥❞s ♦❢
t❤❡ r❡❣✐♠❡ ♦❢ ❝♦♠♣r❡ss✐❜✐❧✐t②✿ ✐t ✐s ♣♦s✐t✐✈❡ ✐♥ t❤❡ s✉❜s♦♥✐❝ ❝❛s❡ ✭Pr♦♣✳ ✷✮ ❛♥❞ ♥❡❣❛t✐✈❡ ✐♥ t❤❡ s✉♣❡rs♦♥✐❝
❝❛s❡ ✭Pr♦♣✳ ✸✮✳
❘❡♠❛r❦ ✺✳ ■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t❤❛t t❤❡ ✉♥st❡❛❞② s♦❧✉t✐♦♥ ❣✐✈❡♥ ✐♥ ❘❡♠❛r❦ ✶ ❝♦♥✈❡r❣❡s t♦ t❤❡ st❡❛❞②
♦♥❡ s♣❡❝✐✜❡❞ ✐♥ ▲❡♠♠❛ ✶ ✇❤❡♥ ρe(t) −−−−→
t→+∞
ρ¯e✳
✸✳✷✳✸ ▲✐♥❦ ❜❡t✇❡❡♥ t❤❡ t✇♦ r❡❣✐♠❡s
■t ✐s ♥♦✇ ♣♦ss✐❜❧❡ t♦ ✉♥❞❡rst❛♥❞ t❤❡ ❜❛❧❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❞✐✛❡r❡♥t t❡r♠s ✐♥ ❙②st❡♠ ✭✷✳✹✮ ✐♥ t❤❡ ③❡r♦
▼❛❝❤ ❧✐♠✐t✳ ■t ✇✐❧❧ ❜❡ ✉s❡❢✉❧ t♦ ❞❡s✐❣♥ ❛❝t✉❛❧ ❧♦✇ ▼❛❝❤ s✐t✉❛t✐♦♥s ❜② ♠❡❛♥s ♦❢ r❡❧❡✈❛♥t ✈❛❧✉❡s ❢♦r
♣❛r❛♠❡t❡rs Φ0 ❛♥❞ ps✳
❚♦ ❞♦ s♦✱ ✇❡ ❢♦r♠❛❧❧② ✇♦r❦ ♦✉t t❤❡ ❧✐♠✐t ✐♥ ✭✸✳✺✮ ❢r♦♠ Pr♦♣✳ ✷ ❛s t❤❡ ▼❛❝❤ ♥✉♠❜❡r ❣♦❡s t♦ 0✳✸ ❚❤❡
❛s②♠♣t♦t✐❝ ❧♦✇ ▼❛❝❤ ♥✉♠❜❡r ❛ss✉♠♣t✐♦♥ ❝♦♥s✐sts ✐♥ st❛t✐♥❣ t❤❛t
∀ x ∈ (a, b), u∞(x)2 = o
(
p∞(x)
ρ∞(x)
)
. ✭✸✳✶✽✮
■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ ✭✸✳✶✽✮ ❛t x = a ❛♥❞ x = b
u2e = o
(
pe
̺e
)
❛♥❞ u∞(b)
2 = o
(
ps
ρ∞(b)
)
,
✭✇❡ r❡❝❛❧❧ t❤❛t pe := p∞(a)✮ ♦r ❡q✉✐✈❛❧❡♥t❧②
1
p˜e
= o(1) ❛♥❞
̺e
ρ∞(b)p˜s
= o(1). ✭✸✳✶✾❛✮
✸❙♦❧✉t✐♦♥ ✭✸✳✻✮ ✐s ♥♦t ❝♦♥❝❡r♥❡❞ ❛s ✐t ❝♦rr❡s♣♦♥❞s t♦ ❛ s✉♣❡rs♦♥✐❝ ❝♦♥✜❣✉r❛t✐♦♥✳
✶✻
●✐✈❡♥ ✭✸✳✼❜✬✮ ❢♦r x = b✱ ✇❡ ❤❛✈❡
p˜s +
̺e
ρ∞(b)
= p˜e + 1 ⇐⇒ 1 + ̺e
ρ∞(b)p˜s
=
p˜e
p˜s
(
1 +
1
p˜e
)
.
❚❤❡ ❛s②♠♣t♦t✐❝s ✭✸✳✶✾❛✮ ♣r♦✈✐❞❡
p˜e − p˜s
p˜s
= o(1) ⇐⇒ p˜e ∼ p˜s. ✭✸✳✶✾❜✮
●✐✈❡♥ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ p˜e✱ t❤✐s r❡❛❞s
Υ− 1
p˜s
−Υ+
√(
Υ− 1
p˜s
−Υ
)2
+
Φ˜
p˜2s
= o(1).
❋r♦♠ ✭✸✳✶✾❛✮ ❛♥❞ ✭✸✳✶✾❜✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t 1/p˜s = o(1)✳ ❚❤❡♥✱ ❞✉❡ t♦ Υ = O(1)✱ t❤❡ ❧❛tt❡r r❡❧❛t✐♦♥
②✐❡❧❞s
−Υ+
√
Υ2 +
Φ˜
p˜2s
= o(1) =⇒ Φ˜ = o(p˜2s). ✭✸✳✶✾❝✮
❆s②♠♣t♦t✐❝s ✭✸✳✶✾✮ ✐s ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ ❍②♣✳ ✭❍✶✮✳ ■♥s❡rt✐♥❣ ✭✸✳✶✾✮ ✐♥t♦ ✭✸✳✺✮✱ ✇❡ ♣r♦✈❡ t❤❛t ρ∞ ❢r♦♠
Pr♦♣✳ ✷ ❝♦♥✈❡r❣❡s t♦ ρLM∞ ❢r♦♠ ▲❡♠♠❛ ✶ ❛s t❤❡ ▼❛❝❤ ♥✉♠❜❡r ❣♦❡s t♦ 0✳ ❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ p∞ ❛♥❞
u∞ ❢♦❧❧♦✇s✳
■♥ ❝♦♥❝❧✉s✐♦♥✱ ✇❡ ❤❛✈❡✿
▲❡♠♠❛ ✷✳ ❆ ❧♦✇ ▼❛❝❤ ♥✉♠❜❡r ❝♦♥✜❣✉r❛t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝❛s❡ ✇❤❡r❡
ps ≫ ̺eu2e ❛♥❞ Φ0 ≪
p2s
(b− a)̺eue .
❲❡ t❤❡♥ ♣❡r❢♦r♠ s♦♠❡ ❝♦♠♣❛r✐s♦♥s ❜❡t✇❡❡♥ st❡❛❞② st❛t❡s ❢♦r t❤❡ t✇♦ ♠♦❞❡❧s✳ ❲❡ t❛❦❡ st❛♥❞❛r❞
✈❛❧✉❡s ❢♦r ♣r❡ss✉r✐③❡❞ ✇❛t❡r r❡❛❝t♦rs ✭P❲❘✮✿ a = 0m✱ b = 4.2m✱ Υ = 1.74✱ ̺e = 735 kg · m−3
❛♥❞ ue = 5m · s−1✳ ❋♦r ❡❛❝❤ ❝❛s❡✱ ✇❡ r❡♣r❡s❡♥t t❤❡ ♣r♦✜❧❡ ♦❢ t❤❡ ♣♦✇❡r ❞❡♥s✐t②✱ t❤❡ ▼❛❝❤ ♥✉♠❜❡r
❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❝♦♠♣r❡ss✐❜❧❡ st❡❛❞② s♦❧✉t✐♦♥ ❛♥❞ t❤❡ ❝♦♠♣❛r✐s♦♥s ❜❡t✇❡❡♥ ❧♦✇ ▼❛❝❤✴❝♦♠♣r❡ss✐❜❧❡
st❡❛❞② ❞❡♥s✐t✐❡s ❛♥❞ ✈❡❧♦❝✐t✐❡s✳
❈❛s❡ ✶✳ ❋♦r st❛♥❞❛r❞ ✈❛❧✉❡s ♦❢ t❤❡ ❡①✐t ♣r❡ss✉r❡ ❛♥❞ t❤❡ ♣♦✇❡r ❞❡♥s✐t② ✭❡st✐♠❛t❡s ❢r♦♠ ▲❡♠♠❛ ✷
❛r❡ s❛t✐s✜❡❞✮✱ ✇❡ ♥♦t❡ ♦♥ ❋✐❣✉r❡ ✶✺ t❤❛t ❜♦t❤ s♦❧✉t✐♦♥s ♠❛t❝❤ ❛s t❤❡ ▼❛❝❤ ♥✉♠❜❡r ✐s ❛❜♦✉t
5 ·10−2✳ ■♥ t❤✐s st❛♥❞❛r❞ ❝♦♥✜❣✉r❛t✐♦♥✱ t❤❡ ❧♦✇ ▼❛❝❤ ♥✉♠❜❡r ♠♦❞❡❧ t✉r♥s ♦✉t t♦ ♣r♦✈✐❞❡ ❛ ❣♦♦❞
❛s②♠♣t♦t✐❝✳
❈❛s❡ ✷✳ ❲❤❡♥ t❤❡ ♣r❡ss✉r❡ ✐s ❞✐✈✐❞❡❞ ❜② 100 ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❞❡♣r❡ss✉r✐③❛t✐♦♥ ✐♥❝✐❞❡♥t✱ t❤❡ ▼❛❝❤
♥✉♠❜❡r ❝❛♥ ♥♦ ❧♦♥❣❡r ❜❡ ❝♦♥s✐❞❡r❡❞ s♠❛❧❧ ✭s❡❡ ❋✐❣✉r❡ ✻✮ ❛♥❞ ❛ s✐❣♥✐✜❝❛♥t ❞✐s❝r❡♣❛♥❝② ❛♣♣❡❛rs✳
■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ✐s ❧❛r❣❡❧② ♦✈❡r❡st✐♠❛t❡❞ ❜② t❤❡ ❧♦✇ ▼❛❝❤ ♥✉♠❜❡r ♠♦❞❡❧✳
❈❛s❡ ✸✳ ❲❡ s❤♦✇ ♦♥ ❋✐❣✉r❡ ✼ t❤❡ ❝❛s❡ ♦❢ ❛ ♠♦r❡ s♦♣❤✐st✐❝❛t❡❞ ♣r♦✜❧❡ ❢♦r Φ ✇✐t❤ t✇♦ ❞✐✛❡r❡♥t ♦r❞❡rs ♦❢
♠❛❣♥✐t✉❞❡ ✇✐t❤✐♥ t❤❡ ❝♦r❡ ✭❢♦r ✐♥st❛♥❝❡ ✇❤❡♥ ❝♦♥tr♦❧ r♦❞s ❛r❡ ✐♥ ❛♥ ✐♥t❡r♠❡❞✐❛t❡ ♣♦s✐t✐♦♥✮✳ ❚❤❡
▼❛❝❤ ♥✉♠❜❡r ✐s ♦❢ ♦r❞❡r ✶ ✐♥ t❤❡ ❤✐❣❤❡st ♣❛rt ♦❢ t❤❡ r❡❛❝t♦r ✇❤✐❝❤ ✐♥❞✉❝❡s ❞✐✛❡r❡♥t ❜❡❤❛✈✐♦✉rs
❢♦r st❡❛❞② st❛t❡s✿ ✐♥ t❤❡ ❤✐❣❤❡st ♣❛rt ❢♦r t❤❡ ✈❡❧♦❝✐t② ❛♥❞ ✐♥ t❤❡ ❧♦✇❡st ♣❛rt ✭❛❧t❤♦✉❣❤ t❤❡ ▼❛❝❤
♥✉♠❜❡r ✐s s♠❛❧❧✮ ❢♦r t❤❡ ❞❡♥s✐t②✳ ❚❤✐s ❝❛♥ ❜❡ ❛❝❝♦✉♥t❡❞ ❢♦r ❜② t❤❡ ❣❧♦❜❛❧ ❡✛❡❝t ♦❢ t❤❡ ❡❧❧✐♣t✐❝
❞✐✈❡r❣❡♥❝❡ ❝♦♥str❛✐♥t ✭✷✳✺❜✮ ❛♥❞ ❜② t❤❡ ❤②♣❡r❜♦❧✐❝ ❡✛❡❝t ♦❢ t❤❡ ❊✉❧❡r s②st❡♠ ✭✷✳✹✮ ✭✉♣✇✐♥❞✐♥❣
✐♥❢♦r♠❛t✐♦♥ ❞✉❡ t♦ t❤❡ ♥❡❣❛t✐✈❡ ❡✐❣❡♥✈❛❧✉❡✮✳
✶✼
❋✐❣✉r❡ ✺✿ ❈❛s❡ ✶✳ Φ0 = 170 · 106W ·m−3✱ ps = 155 · 105 Pa
❋✐❣✉r❡ ✻✿ ❈❛s❡ ✷✳ Φ0 = 170 · 106W ·m−3✱ ps = 155 · 103 Pa
✶✽
❋✐❣✉r❡ ✼✿ ❈❛s❡ ✸✳ Φ(x) = Φ0
[
1 + C1
x3
exp
(
−C2
x2
)]
✱ Φ0 = 170 · 106W ·m−3✱ ps = 155 · 105 Pa
❋✐❣✉r❡ ✽✿ ❈❛s❡ ✹✳ Φ0 = 10
4W ·m−3✱ ps = 6 · 103 Pa
✶✾
❋✐❣✉r❡ ✾✿ ■♥✢✉❡♥❝❡ ♦❢ t❤❡ ▼❛❝❤ ♥✉♠❜❡r ✉♣♦♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r ‖⋆
▲▼
∞ −⋆∞‖
‖⋆∞‖
❈❛s❡ ✹✳ ❲❡ ♣r❡s❡♥t ♦♥ ❋✐❣✉r❡ ✽ ❛ s✉♣❡rs♦♥✐❝ ❝♦♥✜❣✉r❛t✐♦♥ s✉✐t❡❞ t♦ Pr♦♣✳ ✸ ✇✐t❤ s♠❛❧❧❡r ✈❛❧✉❡s ♦❢ ps
❛♥❞ Φ0✳ ❲❡ ♥♦t✐❝❡ ❞✐✛❡r❡♥t ♠♦♥♦t♦♥✐❝✐t✐❡s ♦❢ s♦❧✉t✐♦♥s ❛♥❞ t❤❡ ❧♦✇ ▼❛❝❤ ♥✉♠❜❡r st❛t❡ ✐s ❝❧❡❛r❧②
♥♦t r❡❧❡✈❛♥t ✐♥ t❤✐s ❝❛s❡✳
❲❡ ❡♠♣❤❛s✐③❡ ♦♥ ❋✐❣✉r❡ ✾ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ▼❛❝❤ ♥✉♠❜❡r ❛♥❞ t❤❡ q✉❛❧✐t② ♦❢ t❤❡ ❛♣♣r♦①✐♠❛✲
t✐♦♥ ♦❢ t❤❡ ❝♦♠♣r❡ss✐❜❧❡ ♠♦❞❡❧ ❜② t❤❡ ❧♦✇ ▼❛❝❤ ♦♥❡✳ ❚♦ ❞♦ s♦✱ ✇❡ t❛❦❡ st❛♥❞❛r❞ ✈❛❧✉❡s ❛s ♣r❡✈✐♦✉s❧②
❛♥❞ ps = 155 · 105 Pa✳ ❚♦ ♠❛❦❡ t❤❡ ▼❛❝❤ ♥✉♠❜❡r ✈❛r②✱ ✇❡ t❛❦❡ Φ0 ✐♥ t❤❡ r❛♥❣❡ [106, 109]W ·m−3✳ ❲❡
r❡♠❛r❦ ♦♥ t❤❡ ✜❣✉r❡ t❤❛t ❡rr♦rs ❤❛✈❡ t❤❡ s❛♠❡ ❜❡❤❛✈✐♦✉r ✇❤❛t❡✈❡r t❤❡ ✉♥❞❡r❧②✐♥❣ ✈❛r✐❛❜❧❡✳ ❘♦✉❣❤❧②✱
❢♦r ▼❛❝❤ ♥✉♠❜❡rs ✉♥❞❡r 0.1✱ ❛❧❧ ❡rr♦rs ❛r❡ ❧♦✇❡r t❤❛♥ 10−2✳
✹ ❙t❡❛❞② s♦❧✉t✐♦♥s ♦❢ t❤❡ ❝♦✉♣❧❡❞ ♣r♦❜❧❡♠
❚❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❝♦✉♣❧✐♥❣ ✭✷✳✹✲✷✳✺✮ t❤r♦✉❣❤ t❤❡ tr❛♥s♠✐ss✐♦♥ ❝♦♥❞✐t✐♦♥s
✭✷✳✾✮✳ ❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t α ✐s ❛ ❝♦♥st❛♥t ❧②✐♥❣ ✐♥ (0, L)✳
❋♦r t❤❡ s❛❦❡ ♦❢ ❝❧❛r✐t②✱ ✇❡ ✐♥tr♦❞✉❝❡ t✇♦ ♠♦r❡ ♥♦t❛t✐♦♥s✿
❼ ●✐✈❡♥ t❤❡ ❝♦♥s❡r✈❛t✐✈❡ st❛t❡W✱ t❤❡ ♣r❡ss✉r❡ ✐s ❝♦♠♣✉t❡❞ t❤r♦✉❣❤ t❤❡ r❡❧❛t✐♦♥ p = Π(W)✳
❼ ❈♦♥✈❡rs❡❧②✱ ✐❢ t❤❡ ♣❤②s✐❝❛❧ ✈❛r✐❛❜❧❡s (ρ, u, p) ❛r❡ ❦♥♦✇♥✱ t❤❡ ❝♦♥s❡r✈❛t✐✈❡ ✐s r❡❝♦✈❡r❡❞ ❜② W =
W(ρ, u, p)✳
❆ ♥❛✐✈❡ str❛t❡❣② t♦ ❝♦♥str✉❝t ❛♥ ✉♥st❡❛❞② s♦❧✉t✐♦♥ t♦ t❤❡ ❝♦✉♣❧✐♥❣ ♣r♦❜❧❡♠ ❝♦♥s✐sts ✐♥ ❛♣♣❧②✐♥❣ ❛♥
✐t❡r❛t✐✈❡ ❛❧❣♦r✐t❤♠ t❤r♦✉❣❤ t❤❡ ✐♥t❡r❢❛❝❡ ✭s❡❡ ❋✐❣✉r❡ ✷✮✿ ✇❡ ✜rst ♥♦t✐❝❡ t❤❛t t❤❡ s♦❧✉t✐♦♥ ✭✸✳✶✮ ♦❢ t❤❡
❧♦✇ ▼❛❝❤ ♥✉♠❜❡r ♠♦❞❡❧ ✭✷✳✺✮ ❝❛♥ ❜❡ ♣❛r❛♠❡tr✐③❡❞ ❜② P✳ ●✐✈❡♥ Pk(t)✱ t❤✐s s♦❧✉t✐♦♥ ❢♦r x = α ✐s
✐♥❥❡❝t❡❞ ✐♥ ✭✷✳✾❛✮ ❛♥❞ ✭✷✳✾❜✮ ✇❤✐❝❤ ❢♦r♠ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❝♦♠♣r❡ss✐❜❧❡ ♠♦❞❡❧ ✭✷✳✹✮ ♦✈❡r
✷✵
(α,L) t♦❣❡t❤❡r ✇✐t❤ ✭✷✳✽❝✮✳ ■♥ ❛ s✉❜s♦♥✐❝ ❢r❛♠❡✇♦r❦✱ t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠ ✐♥ t❤❡ ❝♦♠♣r❡ss✐❜❧❡ ❞♦♠❛✐♥
❛❞♠✐ts ❛ s♦❧✉t✐♦♥ ♦✈❡r s♦♠❡ t✐♠❡ ✐♥t❡r✈❛❧✳ ❚❤✐s s♦❧✉t✐♦♥ ❛❧s♦ ❞❡♣❡♥❞s ♦♥ Pk(t) ❛♥❞ ✐s ❞❡♥♦t❡❞ ❜②
W
(
t, x;Pk(t))✳ ❚❤❡♥ t❤❡ r❡s✉❧t✐♥❣ ❝♦♠♣r❡ss✐❜❧❡ ♣r❡ss✉r❡ ❝❛♥ ❜❡ ✉s❡❞ t♦ ✉♣❞❛t❡ t❤❡ ❧♦✇ ▼❛❝❤ ♣r❡ss✉r❡
Pk+1(t) t❤r♦✉❣❤ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✭✷✳✾❝✮✳
❚❤❡ ✐t❡r❛t✐✈❡ ♣r♦❝❡❞✉r❡ t❤✉s ❝♦♠❡s ❞♦✇♥ t♦ s♦❧✈✐♥❣ t❤❡ ✜①❡❞✲♣♦✐♥t ❡q✉❛t✐♦♥
P(t) = Π (W(t, α+;P(t))) , ✭✹✳✶✮
✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ tr❛♥s♠✐ss✐♦♥ ❝♦♥❞✐t✐♦♥ ✭✷✳✾❝✮✳ ◆❡✈❡rt❤❡❧❡ss✱ ❛s t❤❡ ✉♥st❡❛❞② ❝♦♠♣r❡ss✐❜❧❡
❊✉❧❡r ❡q✉❛t✐♦♥s ❝❛♥♥♦t ❜❡ ❡①♣❧✐❝✐t❧② s♦❧✈❡❞ ✐♥ t❤✐s ❝❛s❡✱ t❤❡ ✜①❡❞✲♣♦✐♥t ♣r♦❜❧❡♠ ✭✹✳✶✮ ❝❛♥♥♦t ❜❡ ♠❛❞❡
❡①♣❧✐❝✐t✳ ❲❡ ❝❛♥♥♦t t❤✉s st❛t❡ ❛❜♦✉t t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡ ❝♦✉♣❧✐♥❣✳
❚♦ ❣♦ ❢✉rt❤❡r✱ ✇❡ ❣❡t ✐♥t❡r❡st❡❞ ✐♥ st❡❛❞② st❛t❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❝♦✉♣❧✐♥❣ ✭✷✳✹✲✷✳✺✮ ❜② ✉s✐♥❣ r❡s✉❧ts
❢r♦♠ ❙❡❝t✐♦♥ ✸✳✷✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ✐♥t❡♥❞ t♦ ❝♦✉♣❧❡✿
❼ s♦❧✉t✐♦♥s ❢r♦♠ ▲❡♠♠❛ ✶ ❢♦r (a, b) = (0, α) ❛♥❞ s♦♠❡ ✐♥t❡r❢❛❝✐❛❧ ♣r❡ss✉r❡ pα ✐♠♣♦s❡❞ ❛t x = α
−❀
❼ ❛♥❞ s♦❧✉t✐♦♥s ❢r♦♠ Pr♦♣✳ ✷ ❢♦r (a, b) = (α,L) ❛♥❞ s♦♠❡ ✐♥t❡r❢❛❝✐❛❧ ❞❡♥s✐t② ❛♥❞ ✈❡❧♦❝✐t② ̺α ❛♥❞
uα ✐♠♣♦s❡❞ ❛t x = α
+✳
❆s ✐t ✇✐❧❧ ❜❡ ❞❡t❛✐❧❡❞ ✐♥ t❤❡ s❡q✉❡❧✱ t❤✐s ♣r♦❝❡❞✉r❡ ❝♦♠❡s ❞♦✇♥ t♦ ❞❡t❡r♠✐♥✐♥❣ t❤❡ s♦❧❡ ♣❛r❛♠❡t❡r pα
✭̺α = ρ
LM
∞ (α) ❛♥❞ uα = u
LM
∞ (α) ❞❡♣❡♥❞ ❡①♣❧✐❝✐t❧② ♦♥ pα✮✳
❲❡ ✜rst ❢♦❝✉s ♦♥ ❛ss✉♠♣t✐♦♥s ♦♥ ❣❧♦❜❛❧ ♣❛r❛♠❡t❡rs ps✱ Φ0✱ ̺e ❛♥❞ ue s♦ t❤❛t s✉❝❤ ❛ st❡❛❞② st❛t❡
♠✐❣❤t ❡①✐st ❛♥❞ t❤❡♥ ✇❡ s♣❡❝✐❢② t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ✐♥t❡r❢❛❝✐❛❧ ♣r❡ss✉r❡ ✇❤✐❝❤ ❣✉❛r❛♥t❡❡s t❤❛t t❤❡
tr❛♥s♠✐ss✐♦♥ ❝♦♥❞✐t✐♦♥s ✭✷✳✾✮ ❛r❡ s❛t✐s✜❡❞✳
■♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ ♣r❡✈✐♦✉s ♥♦t❛t✐♦♥s✱ ✇❡ s❡t
p˜s =
ps̺e
D2e
, p˜α =
pα̺e
D2e
, Φ˜ =
2Φ0L̺
2
e
D3e
.
✹✳✶ ❆ss✉♠♣t✐♦♥s ✉♣♦♥ ♣❛r❛♠❡t❡rs
❲❡ ❝♦♥s✐❞❡r t❤❡ ❧♦✇ ▼❛❝❤ ♥✉♠❜❡r s♦❧✉t✐♦♥ ✭✸✳✶✼✮ ❢♦r (a, b) = (0, α) ❛♥❞ ❛ ❝❡rt❛✐♥ ✉♥❦♥♦✇♥ ✐♥t❡r❢❛❝✐❛❧
♣r❡ss✉r❡ pα ✉s❡❞ ❛s ❛ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❛t x = α✳ ❚❤❡ ❞❡♥s✐t② ❛t t❤❡ ✐♥t❡r❢❛❝❡ ✐s t❤✉s ❡q✉❛❧ t♦
̺α = ρ
LM
∞ (α) =
̺e
1 + Φ0̺eαΥDepα
=
̺e
1 + Φ˜2Υp˜α
α
L
. ✭✹✳✷✮
❲❡ t❤❡♥ ❝♦♥s✐❞❡r t❤❡ ❝♦♠♣r❡ss✐❜❧❡ s♦❧✉t✐♦♥ ✭✸✳✺✮ ❢♦r (a, b) = (α,L) ❛♥❞ ̺e r❡♣❧❛❝❡❞ ✐♥ ✭✸✳✹✕✸✳✺✮ ❜② ̺α✳
✹
❚❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤✐s s♦❧✉t✐♦♥ r❡❧✐❡s ♦♥ t❤❡ ❛ss✉♠♣t✐♦♥ ✭❍✶✮ ❛❞❛♣t❡❞ ❢♦r t❤❡ ♥❡✇ s❡t ♦❢ ♣❛r❛♠❡t❡rs✱ ✐✳❡✳
Υps̺α
(Υ− 1)D2e
> 1+
√
2Φ0̺2α(L− α)
(2Υ− 1)D3e
⇐⇒ Υ
Υ− 1 p˜s −
√
Φ˜
2Υ− 1
√
L− α
L
− 1− Φ˜
2Υp˜α
α
L︸ ︷︷ ︸
Q(α,p˜α)
> 0. ✭❍α✮
❆ ♠❛❥♦r r❡♠❛r❦ ✐s t❤❛t p∞ ❢r♦♠ ✭✸✳✺✮ ✐s ♠♦♥♦t♦♥❡✲❞❡❝r❡❛s✐♥❣✳ ❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ♥❡❝❡ss❛r✐❧② ❤❛✈❡
p˜α ≥ p˜s. ✭✹✳✸✮
✹Dα = De ❛s t❤❡ ✢♦✇ r❛t❡ ✐s ❝♦♥st❛♥t ✐♥ t❤❡ ❧♦✇ ▼❛❝❤ ♥✉♠❜❡r ❛r❡❛✳
✷✶
αq
0 L
q(0)
q(L)
✭❛✮ ❈❛s❡ α⋆ < 0
α
q
0 α⋆ L
q(0)
q(α⋆)
q(L)
✭❜✮ ❈❛s❡ α⋆ ≥ 0
❋✐❣✉r❡ ✶✵✿ ❱❛r✐❛t✐♦♥s ♦❢ q(α) = ΥΥ−1 p˜s −
√
Φ˜
2Υ−1
√
L−α
L − 1− Φ˜2Υp˜s αL
❙✐♥❝❡ Q(α, ·) ✐s ♠♦♥♦t♦♥❡✲✐♥❝r❡❛s✐♥❣✱ ✐♥ ♦r❞❡r t❤❛t ✭❍α✮ ❜❡ s❛t✐s✜❡❞✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ❡♥s✉r❡ t❤❛t
Q(α, p˜s) > 0✳ ❚❤✐s ❧❛st r❡q✉✐r❡♠❡♥t r❡❛❞s ❢♦r α ❣✐✈❡♥ ✐♥ (0, L)
p˜s >
Υ− 1
2Υ
1 +
√
Φ˜
2Υ− 1
√
L− α
L
+
√√√√√1 +
√
Φ˜
2Υ− 1
√
L− α
L
2 + 2Φ˜
Υ− 1
α
L
 .
◆♦t✐❝❡ t❤❛t ❢♦r α = 0✱ ✇❡ r❡❝♦✈❡r ✭❍✶✮✳
❍♦✇❡✈❡r✱ ❛s t❤❡ ♣♦s✐t✐♦♥ ♦❢ α ✐s ♥♦t s❡tt❧❡❞ ♦♥ ❛♥❞ ❛s ✇❡ ❛✐♠ ❛t ❤✐❣❤❧✐❣❤t✐♥❣ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ α✱ ✇❡
s❤❛❧❧ ♥♦t ♠❛❦❡ ✉s❡ ♦❢ t❤❡ ✐♥❡q✉❛❧✐t② ❛❜♦✈❡ ❛♥❞ ✇❡ ❡♥❢♦r❝❡ ❛ ♠♦r❡ r❡str✐❝t✐✈❡ ❤②♣♦t❤❡s✐s ✉♣♦♥ p˜s s♦
t❤❛t ✐t ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ α✱ ♥❛♠❡❧② p˜s ✐s s✉❝❤ t❤❛t
∀ α ∈ (0, L), q(α) := Q(α, p˜s) > 0. ✭❍p˜s✮
q ✐s ❛ C 1✲❢✉♥❝t✐♦♥ ♦✈❡r (−∞, L) ✇✐t❤
q′(α) =
1
2L
√
Φ˜
(2Υ− 1)(1− αL)
− Φ˜
2ΥLp˜s
.
❚✇♦ ❝❛s❡s ❛r❡ t❤✉s t♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s✐❣♥ ♦❢ α⋆ s✉❝❤ t❤❛t q′(α⋆) = 0✱ ✐✳❡✳
α⋆ = L
(
1− Υ
2p˜2s
(2Υ− 1)Φ˜
)
.
❲❡ ♠❡♥t✐♦♥ t❤❛t
α⋆ < 0 ⇐⇒ p˜s > F0(Φ˜) := 2Υ− 1
Υ
√
Φ˜
2Υ− 1 .
❼ ■❢ ♣❛r❛♠❡t❡rs p˜s ❛♥❞ Φ˜ ❛r❡ s✉❝❤ t❤❛t α
⋆ < 0 ✭s❡❡ ❋✐❣✉r❡ ✶✵❛✮✱ ✭❍p˜s✮ r❡❞✉❝❡s t♦
q(0) > 0 ⇐⇒ p˜s > F−(Φ˜) := Υ− 1
Υ
1 +
√
Φ˜
2Υ− 1
 .
❼ ❖t❤❡r✇✐s❡ ✐❢ α⋆ ≥ 0 ✭s❡❡ ❋✐❣✉r❡ ✶✵❜✮✱ ✭❍p˜s✮ ✐♠♣❧✐❡s
q(α⋆) =
1
2p˜s
(
Υ(3Υ− 1)
(Υ− 1)(2Υ− 1) p˜
2
s − 2p˜s −
Φ˜
Υ
)
> 0
✷✷
Φ˜p˜s
C0
C
−
C+
❋✐❣✉r❡ ✶✶✿ ❈♦♥str❛✐♥ts ✉♣♦♥ p˜s
♦r ❡q✉✐✈❛❧❡♥t❧②
p˜s > F+(Φ˜) :=
Υ− 1
Υ
2Υ− 1
3Υ− 1
(
1 +
√
1 +
3Υ− 1
(Υ− 1)(2Υ− 1)Φ˜
)
.
❈✉r✈❡s C−✱ C0 ❛♥❞ C+ ♦❢ ❢✉♥❝t✐♦♥s F−✱ F0 ❛♥❞ F+ ❛r❡ ❞❡♣✐❝t❡❞ ♦♥ ❋✐❣✉r❡ ✶✶✳ ◆♦t✐❝❡ t❤❛t t❤❡s❡ t❤r❡❡
❝✉r✈❡s ✐♥t❡rs❡❝t ❛t t❤❡ s❛♠❡ ♣♦✐♥t ❝♦rr❡s♣♦♥❞✐♥❣ t♦ Φ˜ = Υ−1Υ
√
2Υ− 1✳
❚♦ s✉♠ ✉♣✱ ✭❍p˜s✮ ❤♦❧❞s ♣r♦✈✐❞❡❞ t❤❛t
p˜s > max{F−(Φ˜), F0(Φ˜)} ♦r F+(Φ˜) < p˜s < F0(Φ˜).
❚❤❡s❡ ✐♥❡q✉❛❧✐t✐❡s r❡❞✉❝❡ t♦
p˜s > F#(Φ˜) :=
F−(Φ˜), ✐❢ Φ˜ ≤
Υ− 1
Υ
√
2Υ− 1,
F+(Φ˜), ♦t❤❡r✇✐s❡✳
✭✹✳✹✮
❍❡♥❝❡ ✇❡ ❝❛♥ st❛t❡ t❤❛t ✐❢ ♣❛r❛♠❡t❡rs p˜s ❛♥❞ Φ˜ ✈❡r✐❢② ✭✹✳✹✮✱ ✭❍α✮ ✐s s❛t✐s✜❡❞ ❢♦r ❛♥② α ∈ (0, L)✱ ✇❤✐❝❤
♠❡❛♥s t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♠♣r❡ss✐❜❧❡ st❡❛❞② st❛t❡ ✐♥ (α,L) ❢♦r ❛♥② p˜α > p˜s✳ ◆♦t✐❝❡ t❤❛t ✐♥ ♣❛rt✐❝✉❧❛r✱
✐❢ ✭✹✳✹✮ ❤♦❧❞s✱ t❤❡♥ ✇❡ ❤❛✈❡ p˜s > F−(Φ˜) ✇❤✐❝❤ ✐s ♥♦t❤✐♥❣ ❜✉t ✭❍✶✮✿ t❤✐s ❡♥s✉r❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛
❝♦♠♣r❡ss✐❜❧❡ st❡❛❞② st❛t❡ ♦✈❡r (0, L)✳ ❚❤✐s st❛t❡ ✇✐❧❧ ❜❡ ✉s❡❞ ❛s ❛ r❡❢❡r❡♥❝❡ st❛t❡ ❢♦r ❝♦♠♣❛r✐s♦♥s✳
▲❡t ✉s ♥♦✇ ❣❡t ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❝❤♦✐❝❡ ♦❢ p˜α✳
✹✳✷ ❈♦♠♣✉t❛t✐♦♥ ♦❢ p˜α
❋♦r ♥♦✇✱ ✇❡ ❤❛✈❡ ❝♦♥str✉❝t❡❞ ❛ st❡❛❞② st❛t❡ ♦✈❡r (0, L) ♠❛❞❡ ♦❢ ❛ ❧♦✇ ▼❛❝❤ ♥✉♠❜❡r ♣❛rt ❛♥❞ ❛
❝♦♠♣r❡ss✐❜❧❡ ♣❛rt✳ ❚❤✐s ❣❧♦❜❛❧ st❡❛❞② st❛t❡ ❤❛s ❜② ❝♦♥str✉❝t✐♦♥ ❝♦♥t✐♥✉♦✉s ❞❡♥s✐t② ❛♥❞ ✈❡❧♦❝✐t② ❝♦♠✲
♣♦♥❡♥ts ❜✉t ♥♦t❤✐♥❣ ✐s ❦♥♦✇♥ ❛❜♦✉t t❤❡ ♣r❡ss✉r❡ ❛s t❤❡ ❝❤♦✐❝❡ ♦❢ pα ✇❛s ❢r❡❡✳ ❚♦ ❡♥❞ ✉♣ ✇✐t❤ t❤❡
❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ st❡❛❞② s♦❧✉t✐♦♥✱ ✇❡ ❛❧s♦ ✐♠♣♦s❡ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ♣r❡ss✉r❡✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡
tr❛♥s♠✐ss✐♦♥ ❝♦♥❞✐t✐♦♥ ✭✷✳✾❝✮ r❡❛❞s
pα =
D2e
̺α
(Υ− 1)(1− ̺αps
D2e
)
+
√(
Υ
̺αps
D2e
−Υ+ 1
)2
+ 2
Φ0̺2α(L− α)
D3e
 .
✷✸
❚❤❡ r✐❣❤t t❡r♠ ✐s ❞❡❞✉❝❡❞ ❢r♦♠ p˜e ✭Pr♦♣✳ ✷✮ ❛❞❛♣t❡❞ t♦ ♥❡✇ ♣❛r❛♠❡t❡rs ✭✐✳❡✳ ̺α ✐♥st❡❛❞ ♦❢ ̺e✮✳ ❚❤✐s
❡q✉❛❧✐t② ✐s t❤❡ st❡❛❞② ❝♦✉♥t❡r♣❛rt ♦❢ ✭✹✳✶✮✳ ❈♦♠✐♥❣ ❜❛❝❦ t♦ ♥♦♥❞✐♠❡♥s✐♦♥❛❧✐③❡❞ ♥♦t❛t✐♦♥s ❛♥❞ ✉s✐♥❣
t❤❡ ❡①♣r❡ss✐♦♥ ✭✹✳✷✮ ❢♦r ̺α✱ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛❧✐t② r❡❛❞s
p˜α
1 + Φ˜2Υp˜α
α
L
− (Υ− 1)
1− p˜s
1 + Φ˜2Υp˜α
α
L
 =
√√√√√
Υ p˜s
1 + Φ˜2Υp˜α
α
L
−Υ+ 1
2 + Φ˜L− α
L
.
❙q✉❛r✐♥❣ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❡q✉❛❧✐t②✱ ✇❡ ♦❜t❛✐♥ ❛❢t❡r s♦♠❡ ❛❧❣❡❜r❛ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝✉❜✐❝ ❡q✉❛t✐♦♥
0 = p˜3α + 2(Υ− 1)(p˜s − 1)p˜2α +
[
−(2Υ− 1)p˜2s + 2(Υ− 1)p˜s −
(
1− α
ΥL
)
Φ˜
]
p˜α +
Υ− 1
Υ
α
L
Φ˜p˜s. ✭✹✳✺✮
❚❤✉s✱ ✇❡ s❤♦✇❡❞ t❤❛t ❞❡r✐✈✐♥❣ st❡❛❞② s♦❧✉t✐♦♥s ❢♦r t❤❡ ♦✈❡r❛❧❧ ❝♦✉♣❧❡❞ ♣r♦❜❧❡♠ s❡t ✐♥ ❙❡❝t✐♦♥ ✷✳✸ ❝♦♠❡s
❞♦✇♥ t♦ s♦❧✈✐♥❣ ❛ s✐♥❣❧❡ ❛❧❣❡❜r❛✐❝ ❡q✉❛t✐♦♥ ✇❤♦s❡ s♦❧✉t✐♦♥s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ✐♥t❡r❢❛❝✐❛❧ ♣r❡ss✉r❡✳
❲❡ ❞❡♥♦t❡ ❜② Pα t❤❡ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝t✐♦♥ ✭✇✐t❤ r❡s♣❡❝t t♦ p˜α✮ ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ✐♥ ✭✹✳✺✮✳
▲❡t ✉s ♠❡♥t✐♦♥ ✜rst t✇♦ ❛❧❣❡❜r❛✐❝ r❡♠❛r❦s ❛❜♦✉t Pα✿
❶ Pα ❛❞♠✐ts t❤r❡❡ ❝♦♠♣❧❡① r♦♦ts ✇❤♦s❡ ♣r♦❞✉❝t ✐s ❡q✉❛❧ t♦ −Υ−1Υ αL Φ˜p˜s < 0 ✭❛♥❞ ❛t ❧❡❛st ♦♥❡ r❡❛❧
r♦♦t✮✳
❷ Pα(p˜s) = −
(
1− αL
)
Φ˜p˜s < 0✳ ❆s Pα(x)
x→+∞−−−−→ +∞✱ t❤✐s s❤♦✇s t❤❛t t❤❡r❡ ❡①✐sts ❛t ❧❡❛st ♦♥❡
r❡❛❧ r♦♦t ✐♥ t❤❡ ✐♥t❡r✈❛❧ (p˜s,+∞)✳
▲❡t ✉s ♣r♦✈❡ t❤❛t t❤❡r❡ ❛r❡ ❡①❛❝t❧② t❤r❡❡ r❡❛❧ r♦♦ts t♦ t❤✐s ❡q✉❛t✐♦♥✳
❼ ■❢ t❤❡r❡ ✇❡r❡ ♦♥❡ r❡❛❧ ♣♦s✐t✐✈❡ r♦♦t ❛♥❞ t✇♦ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞ r♦♦ts ✭s❡❡ ❋✐❣✉r❡ ✶✷❛✮✱ t❤❡
♣r♦❞✉❝t ♦❢ t❤❡s❡ r♦♦ts ✇♦✉❧❞ ❜❡ ♣♦s✐t✐✈❡✳ ❚❤✐s ✐s ❝♦♥tr❛❞✐❝t♦r② ✇✐t❤ ❘❡♠❛r❦ ❶ ❛❜♦✈❡✳
❼ ■❢ t❤❡r❡ ✇❡r❡ ♦♥❡ ❞♦✉❜❧❡ r❡❛❧ ♥❡❣❛t✐✈❡ r♦♦t ❛♥❞ ♦♥❡ r❡❛❧ ♣♦s✐t✐✈❡ r♦♦t ✭s❡❡ ❋✐❣✉r❡ ✶✷❜✮✱ t❤❡ ♣r♦❞✉❝t
✇♦✉❧❞ ❜❡ ♣♦s✐t✐✈❡ ✇❤✐❝❤ ✐s st✐❧❧ ❛❜s✉r❞✳
❼ ■❢ t❤❡r❡ ✇❡r❡ ♦♥❡ r❡❛❧ ♥❡❣❛t✐✈❡ r♦♦t ❛♥❞ ♦♥❡ r❡❛❧ ❞♦✉❜❧❡ ♣♦s✐t✐✈❡ r♦♦t ✭s❡❡ ❋✐❣✉r❡ ✶✷❝✮✱ t❤❡
❢✉♥❝t✐♦♥ ✇♦✉❧❞ ❜❡ ♣♦s✐t✐✈❡ ♦✈❡r (0,+∞) ✇❤✐❝❤ ✐s ❝♦♥tr❛❞✐❝t♦r② ✇✐t❤ t❤❡ ❢❛❝t t❤❛t Pα(p˜s) < 0 ✕
s❡❡ ❘❡♠❛r❦ ❷ ❛❜♦✈❡✳
❼ ■♥ t❤❡ ✸ r❡❛❧ r♦♦t ❝❛s❡✱ t❤❡ r♦♦ts ❝❛♥ ❜❡ ❧♦❝❛t❡❞
◦ ❡✐t❤❡r ❛❧❧ ♦❢ t❤❡♠ ✐♥ (p˜s,+∞) ✕ s❡❡ ❋✐❣✉r❡ ✶✷❞✿ t❤✐s ✐s ✐♠♣♦ss✐❜❧❡ s✐♥❝❡ t❤❡ ♣r♦❞✉❝t ✇♦✉❧❞
❜❡ ♣♦s✐t✐✈❡❀
◦ ♦r t✇♦ ♦❢ t❤❡♠ ✐♥ (p˜s,+∞) ❛♥❞ ♦♥❡ ✐♥ (−∞, 0) ✕ s❡❡ ❋✐❣✉r❡ ✶✷❡✿ t❤✐s ✐s ♥♦t ❝♦♠♣❛t✐❜❧❡ ✇✐t❤
Pα(p˜s) < 0❀
◦ ♦r ♦♥❡ ♥❡❣❛t✐✈❡ r♦♦t✱ ♦♥❡ ❧②✐♥❣ ✐♥ (0, p˜s) ❛♥❞ ♦♥❡ ❧②✐♥❣ ✐♥ (p˜s,+∞) ✕ s❡❡ ❋✐❣✉r❡ ✶✷❢✳ ❚❤✐s ✐s
t❤❡ ❝♦rr❡❝t ❝❛s❡✳
●✐✈❡♥ ✭✹✳✸✮✱ t❤❡ ✈❛❧✉❡ ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r ✐s t❤✉s t❤❡ ❧❛r❣❡st r♦♦t ❞❡♥♦t❡❞ ̂˜pα > p˜s✳ ❚❤✐s s❤♦✇s t❤❡
❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✿
▲❡♠♠❛ ✸✳ ❯♥❞❡r ❍②♣✳ ✭✹✳✹✮✱ ❢♦r ❛♥② α ∈ (0, L)✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ̂˜pα t♦ ❡q✉❛t✐♦♥ ✭✹✳✺✮
✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❛ ♣❤②s✐❝❛❧❧② ❛❞♠✐ss✐❜❧❡ st❛t❡✳
✷✹
p˜s
Pα
✭❛✮ ✶ r❡❛❧ r♦♦t
p˜s
Pα
✭❜✮ ◆❡❣❛t✐✈❡ ❞♦✉❜❧❡ r♦♦t
p˜s
Pα
✭❝✮ P♦s✐t✐✈❡ ❞♦✉❜❧❡ r♦♦t
p˜s
Pα
✭❞✮ ✸ r♦♦ts ✐♥ (p˜s,+∞)
p˜s
Pα
✭❡✮ ✷ r♦♦ts ✐♥ (p˜s,+∞)
p˜s
Pα
✭❢✮ ✶ r♦♦t ✐♥ (p˜s,+∞)
❋✐❣✉r❡ ✶✷✿ P♦ss✐❜❧❡ ❝♦♥✜❣✉r❛t✐♦♥s ❢♦r ♣♦❧②♥♦♠✐❛❧ Pα ✭❣✐✈❡♥ t❤❛t t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ r♦♦t ✐♥ (p˜s,+∞)✮
✷✺
◆♦t✐❝❡ t❤❛t t❤❡ ❈❛r❞❛♥♦✬s ♠❡t❤♦❞ ②✐❡❧❞s s♦♠❡ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ t❤r❡❡ r♦♦ts ✇❤✐❝❤ ❛r❡ ✉s❡❧❡ss ❣✐✈❡♥
t❤❡✐r ❝♦♠♣❧❡①✐t②✳ ❲❡ ♣r♦✈✐❞❡ s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ t❤✐s ✐♥t❡r❢❛❝✐❛❧ ♣r❡ss✉r❡ ❛♥❞ ❡s♣❡❝✐❛❧❧② t❤❡ ✐♥✢✉❡♥❝❡
♦❢ α✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r② ✐s ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❇✳
❈♦r♦❧❧❛r② ✹✳ ▲❡t ✉s ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥ p˜ : α 7→ ̂˜pα✳
✶✳ p˜ ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ♠♦♥♦t♦♥❡✲❞❡❝r❡❛s✐♥❣ ♦✈❡r (0, L)✳
✷✳ p˜ ✈❛r✐❡s ❜❡t✇❡❡♥ p˜s ❛♥❞ p˜
+
e ✳
✸✳ ❚❤❡ r❡❝✐♣r♦❝❛❧ ♦❢ p˜ ✐s ❞❡✜♥❡❞ ♦✈❡r (p˜s, p˜
+
e ) ❜②
p˜−1(p) =
ΥL
Φ˜
p(p˜+e − p)(p− p˜−e )
p+ (Υ− 1)p˜s .
■♥ ❝♦♥❝❧✉s✐♦♥✱ ✇❡ ♠❛♥❛❣❡❞ t♦ ❝♦♥str✉❝t ❛ ✉♥✐q✉❡ st❡❛❞② s♦❧✉t✐♦♥ ♦❢ t❤❡ ❝♦✉♣❧❡❞ ♣r♦❜❧❡♠ s❡t ✐♥ ❙❡❝✲
t✐♦♥ ✷✳✸ t❤r♦✉❣❤ t❤❡ ❝❤♦s❡♥ tr❛♥s♠✐ss✐♦♥ ❝♦♥❞✐t✐♦♥s✿
Pr♦♣♦s✐t✐♦♥ ✹✳ ❯♥❞❡r ❤②♣♦t❤❡s✐s ✭✹✳✹✮✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ♣❤②s✐❝❛❧ st❡❛❞② s♦❧✉t✐♦♥ t♦ t❤❡ ❝♦✉✲
♣❧❡❞ ♣r♦❜❧❡♠ ❜❡t✇❡❡♥ ❙②st❡♠ ✭✷✳✺✮ ♦✈❡r (0, α) ✇✐t❤ ❇❈ ✭✷✳✽❛✲✷✳✽❜✮ ❛♥❞ ❙②st❡♠ ✭✷✳✹✮ ♦✈❡r (α,L) ✇✐t❤
❇❈ ✭✷✳✽❝✮ t❤r♦✉❣❤ tr❛♥s♠✐ss✐♦♥ ❝♦♥❞✐t✐♦♥s ✭✷✳✾✮✳
❖❢ ❝♦✉rs❡✱ t❤✐s r❡s✉❧t ❞♦❡s ♥♦t ♣r♦✈❡ t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤✐s ♠♦❞❡❧✳ ❚❤✐s r❛t❤❡r ❤✐♥ts t❤❛t t❤❡
❝♦✉♣❧✐♥❣ str❛t❡❣② ✭✷✳✾✮ ✐s r❡❧❡✈❛♥t ✐♥ t❤❡ st❡❛❞② ❝❛s❡✳
❘❡♠❛r❦ ✻✳ ❆❧t❤♦✉❣❤ t❤✐s ❝♦✉♣❧❡❞ st❡❛❞② st❛t❡ ✐s ❝♦♥t✐♥✉♦✉s✱ ✐t ✐s ♥❡✈❡r ♦❢ ❝❧❛ss C 1(0, L)✳ ■♥❞❡❡❞✱ ✇❡
✜♥❞ ♦✉t t❤❛t
[ρLM∞ ]
′(α)
[ρ∞]′(α)
=
L− α
L
Υ̂˜pα −Υ+ 1
Υ̂˜pα + αΦ˜2L 6= 1.
✺ ◆✉♠❡r✐❝❛❧ str❛t❡❣✐❡s
❚❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ ✉♥st❡❛❞② s♦❧✉t✐♦♥s ♦❢ t❤❡ ❝♦✉♣❧❡❞ ♣r♦❜❧❡♠ ✭✷✳✹✕✷✳✺✮ ✇✐t❤
■❈ ✭✷✳✼✮✱ ❇❈ ✭✷✳✽✮ ❛♥❞ tr❛♥s♠✐ss✐♦♥ ❝♦♥❞✐t✐♦♥s ✭✷✳✾✮✳ ❙❡✈❡r❛❧ str❛t❡❣✐❡s ❝❛♥ ❜❡ ❝♦♥t❡♠♣❧❛t❡❞✿ ❛ ✜rst
♦♥❡ ✇♦✉❧❞ ❝♦♥s✐st ✐♥ ❛♣♣❧②✐♥❣ t❤❡ s❛♠❡ s❝❤❡♠❡ ✐♥ t❤❡ ✇❤♦❧❡ ❞♦♠❛✐♥ ❛♥❞ t♦ ♣r♦❥❡❝t t❤❡ s♦❧✉t✐♦♥ ♦♥t♦
❛ r❡❧❡✈❛♥t s♣❛❝❡ ✭❝♦♥st❛♥t t❤❡r♠♦❞②♥❛♠✐❝ ♣r❡ss✉r❡ P ❛♥❞ ✈❡❧♦❝✐t② ✜❡❧❞ s✉❝❤ t❤❛t ∂xu − Φ/(ΥP) ✐s
❝♦♥st❛♥t✮ t❤r♦✉❣❤ ❛ r❡❧❛①❛t✐♦♥ ❛♣♣r♦❛❝❤✳ ❚❤✐s ✇✐❧❧ ♥♦t ❜❡ st✉❞✐❡❞ ✐♥ t❤✐s ♣❛♣❡r✳ ❆ s❡❝♦♥❞ ♠❡t❤♦❞
r❡❧✐❡s ♦♥ t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ t✇♦ ❞✐✛❡r❡♥t s❝❤❡♠❡s ❞❡❞✐❝❛t❡❞ t♦ t❤❡ t✇♦ s♣❡❝✐✜❝ r❡❣✐♠❡s✳
❚❤❡ ❞♦♠❛✐♥ (0, L) ✐s ❞✐s❝r❡t✐③❡❞ ❜② ♠❡❛♥s ♦❢ ❛ ❤♦♠♦❣❡♥❡♦✉s ❈❛rt❡s✐❛♥ ❣r✐❞ xi−1/2 = (i − 1)∆x✱
1 ≤ i ≤ N ✱ ∆x = LN−1 ❢♦r s♦♠❡ N ∈ Z∗+✳ ❚❤❡ ❝❡❧❧ (xi−1/2, xi+1/2) ✐s ♥❛♠❡❞ Ci ❛♥❞ ✐ts ❝❡♥t❡r ✐s ❞❡♥♦t❡❞
❜② xi✳
❆s ❢♦r t❤❡ t✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥✱ ❧❡t ∆tn > 0 ❜❡ t❤❡ n✲t❤ t✐♠❡ st❡♣ t♦ ❜❡ ❞❡t❡r♠✐♥❡❞ ❧❛t❡r ❛♥❞ tn+1 =
tn+∆tn✳ ■♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ✜♥✐t❡ ✈♦❧✉♠❡ ♠❡t❤♦❞s✱ ∗ni ❞❡♥♦t❡s t❤❡ ✈❛❧✉❡ ♦❢ ✈❛r✐❛❜❧❡ ∗ ❛t t✐♠❡ tn ❛♥❞
❝❡❧❧ Ci✳
❚❤✐s ♣❛rt ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❆s ✐♥ t❤❡ t❤❡♦r❡t✐❝❛❧ s❡❝t✐♦♥✱ ✇❡ ✜rst ❢♦❝✉s ♦♥ t❤❡ t✇♦ s♣❡❝✐✜❝ s❝❤❡♠❡s
s❡♣❛r❛t❡❧② ✭➓ ✺✳✶✮✳ ❚❤❡ ✈❡r② ❝♦✉♣❧✐♥❣ ✐s st✉❞✐❡❞ ❛❢t❡r ✭➓ ✺✳✷✮✳
✷✻
✺✳✶ ❉❡❞✐❝❛t❡❞ s❝❤❡♠❡s
✺✳✶✳✶ ❈♦♠♣r❡ss✐❜❧❡ s❝❤❡♠❡
❚❤❡ ❤②♣❡r❜♦❧✐❝ s②st❡♠ ♦❢ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s ✇✐t❤ s♦✉r❝❡ t❡r♠ ✭✷✳✹✮ s✉♣♣❧❡♠❡♥t❡❞ ✇✐t❤ ❇❈ ✭✷✳✻✮ ♦✈❡r
(a, b) = (0, L) ✐s ❝❧❛ss✐❝❛❧❧② ❞✐s❝r❡t✐③❡❞ ❜② ♠❡❛♥s ♦❢ ❛ ✶st✲♦r❞❡r ❡①♣❧✐❝✐t ✜♥✐t❡✲✈♦❧✉♠❡ ♠❡t❤♦❞
W
n+1
i =W
n
i −
∆tn
∆x
(F(Wni ,Wni+1)−F(Wni+1,Wni )) , ✭✺✳✶✮
✇❤❡r❡ ✉♥❦♥♦✇♥s ❛r❡ ❧♦❝❛t❡❞ ❛t t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ❝❡❧❧s✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ ✢✉① F ✐s ❛♥② ❝♦♥s✐st❛♥t✱ ❤♦♠♦✲
❣❡♥❡♦✉s ❛♥❞ ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s ✢✉① st❛❜❧❡ ✉♥❞❡r t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥
∆t ≤ CCFL ·∆x
λ(Wℓ,Wr)
.
■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ❝❤♦♦s❡ CCFL = 0.5 ❛♥❞ λ(Wℓ,Wr) = max{|uℓ| + cℓ, |ur| + cr}✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡
♥✉♠❡r✐❝❛❧ ✢✉① ✭❛♥❞ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❝❤❡♠❡✮ ✐s ♥♦t t❤❡ t♦♣✐❝ ♦❢ t❤✐s ♣❛♣❡r ❛♥❞ ✐s t❤✉s
❧❡❢t t♦ t❤❡ r❡❛❞❡r✳ ❆❧❧ s✐♠✉❧❛t✐♦♥s ✐♥ t❤❡ s❡q✉❡❧ ❛r❡ ♣❡r❢♦r♠❡❞ ❜② ♠❡❛♥s ♦❢ t❤❡ ❘✉s❛♥♦✈ s❝❤❡♠❡✳
✺✳✶✳✷ ▲♦✇ ▼❛❝❤ s❝❤❡♠❡
❚♦ s✐♠✉❧❛t❡ ❙②st❡♠ ✭✷✳✺✮ ✇✐t❤ ❇❈ ✭✷✳✻✮ ♦✈❡r (a, b) = (0, L)✱ ✇❡ ✉s❡ ❛ st❛❣❣❡r❡❞ ❣r✐❞ ✭ρ ❛♥❞ π ❛r❡
❧♦❝❛t❡❞ ❛t t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ❝❡❧❧s ❛♥❞ u ❛t t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ t❤❡ ❝❡❧❧s✮ ❧✐❦❡ ✐♥ t❤❡ ▼❆❈ s❝❤❡♠❡ ❢♦r
✐♥❝♦♠♣r❡ss✐❜❧❡ ✢✉✐❞s ❬✷✸❪✳ ❲❡ ❞❡❝♦✉♣❧❡ t❤❡ ❡q✉❛t✐♦♥s t❤❛♥❦s t♦ ❛♥ ❡①♣❧✐❝✐t str❛t❡❣②✳ ❑♥♦✇✐♥❣ ∆tn✱
(ρni )1≤i≤N−1✱ (u
n
i−1/2)1≤i≤N
✱ (πni )1≤i≤N−1 ❛♥❞ Pn✱ t❤❡ ❛❧❣♦r✐t❤♠ r❡❛❞s
① ρn+1 ✐s ❝♦♠♣✉t❡❞ ❜② ♠❡❛♥s ♦❢ ❛ st❛♥❞❛r❞ ✜♥✐t❡✲✈♦❧✉♠❡ ❢♦r♠✉❧❛t✐♦♥
ρn+1i = ρ
n
i −
∆tn
∆x
[
fni+1/2(ρ
n
i , ρ
n
i+1)− fni−1/2(ρni−1, ρni )
]
;
② Pn+1 ✐s ♣r❡s❝r✐❜❡❞ ❜② t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✿ Pn+1 = Ps(tn+1)❀
③ ❉❡♣❡♥❞✐♥❣ ♦❢ t❤❡ ❛✈❛✐❧❛❜✐❧✐t② ♦❢ t❤❡ ❞❛t❛✱ ✇❡ ❝♦♠♣✉t❡ ❡✐t❤❡r t❤❡ ❡①❛❝t ✈❛❧✉❡ ♦❢ P ′s(tn+1) ♦r
❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ✭❢♦r ✐♥st❛♥❝❡ ❜② ♠❡❛♥s ♦❢ ❛♥ ❡①♣❧✐❝✐t ✶st✲♦r❞❡r s❝❤❡♠❡ P
n+1−Pn
∆tn ✮ ❞❡♥♦t❡❞ ❜②
[P ′]n+1❀
④ ❚❤❡ ✈❡❧♦❝✐t② ✐s ❝♦♠♣✉t❡❞ ❜② ❛ ❞✐r❡❝t ✐♥t❡❣r❛t✐♦♥ ♦❢ ✭✷✳✺❜✮
un+1i−1/2 = ue(t
n+1)− Υ− 1
Υ
[P ′]n+1
Pn+1 xi−1/2 +
1
ΥPn+1
∫ xi−1/2
0
Φ(x) dx.
❚❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ✢✉① fni+1/2 ✐s ❢r❡❡ ❛♥❞ ♠❛② ❜❡ ✐♠♣♦s❡❞ ❜② ❝♦♥s❡r✈❛t✐✈✐t② ❝♦♥s✐❞❡r❛t✐♦♥s
✭s❡❡ ❜❡❧♦✇✮✳ ❍♦✇❡✈❡r✱ ✇❡ ❝❤♦♦s❡ ❢♦r t❤❡ s✉❜s❡q✉❡♥t s✐♠✉❧❛t✐♦♥s t❤❡ ✉♣✇✐♥❞ ✢✉①
fni−1/2(ρℓ, ρr) =
{
ρℓu
n
i−1/2, ✐❢ u
n
i−1/2 ≥ 0,
ρru
n
i−1/2, ✐❢ u
n
i−1/2 < 0.
■t ✐s st❛❜❧❡ ✉♥❞❡r t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥
∆t ≤ CCFL ·∆x‖u‖∞ .
✷✼
■♥ t❤❛t ❝❛s❡✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❛s②♠♣t♦t✐❝ ♥✉♠❡r✐❝❛❧ st❛t❡ ✭❛ss✉♠✐♥❣ ue ❛♥❞ Ps ❝♦♥✈❡r❣❡
t♦ u¯e ❛♥❞ ps ❛s t→ +∞✮✳ ❆❝❝♦r❞✐♥❣ t♦ ❙t❡♣ ④✱ ✇❡ ❤❛✈❡
u∞i+1/2 = u¯e +
1
Υps
∫ xi+1/2
0
Φ(x) dx = uBM∞ (xi+1/2) > 0.
❚❤❡♥✱ t❤❡ ❛s②♠♣t♦t✐❝ ♥✉♠❡r✐❝❛❧ ❞❡♥s✐t② ✐s ❞❡❞✉❝❡❞ ❢r♦♠ ❙t❡♣ ① ✇✐t❤ t❤❡ ✉♣✇✐♥❞ ✢✉①✿
ρ∞i u
∞
i+1/2 = ρ
∞
i−1u
∞
i−1/2 = De =⇒ ρ∞i =
De
u∞i+1/2
= ρBM∞ (xi+1/2) = ρ
BM
∞ (xi) +O(∆x).
❚❤❡ ❝♦♥s✐st❡♥❝② ❡rr♦r ❝♦♠❡s ❢♦r t❤❡ st❛❣❣❡r✐♥❣ ♣r♦❝❡❞✉r❡ ✐♥ t❤❡ ♠❡s❤✳
✺✳✶✳✸ ❈♦♠♣❛r✐s♦♥s
❲❡ ❝♦♠♣❛r❡ t❤❡ t✇♦ s❝❤❡♠❡s ♣r♦♣♦s❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s ❜② s✐♠✉❧❛t✐♥❣ ❛ s✐t✉❛t✐♦♥ ✇❤❡r❡ t❤❡
❛s②♠♣t♦t✐❝ ▼❛❝❤ ♥✉♠❜❡r ✐s s♠❛❧❧✱ ♥❛♠❡❧② ❈❛s❡ ✶✳ ✭➓ ✸✳✷✳✸✮✳ ❈♦rr❡s♣♦♥❞✐♥❣ st❡❛❞② st❛t❡s ✭❢♦r t❤❡ ❧♦✇
▼❛❝❤ ❛♥❞ t❤❡ ❝♦♠♣r❡ss✐❜❧❡ ♠♦❞❡❧s✮ ❛r❡ ✈❡r② ❝❧♦s❡ ❛s s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✶✺✳
❲❡ r❡♣r❡s❡♥t ♦♥ ❋✐❣✉r❡ ✶✸❛ t❤❡ ❝♦♠♣r❡ss✐❜❧❡ st❡❛❞② st❛t❡ ❛s ✇❡❧❧ ❛s t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ♦❜t❛✐♥❡❞
❜② ♠❡❛♥s ♦❢ t❤❡ ❝♦♠♣r❡ss✐❜❧❡ ✭➓ ✺✳✶✳✶✮ ❛♥❞ ❧♦✇ ▼❛❝❤ ✭➓ ✺✳✶✳✷✮ s❝❤❡♠❡s ✇✐t❤ N = 51✳ ❚❤❡ ✐♥✐t✐❛❧
❝♦♥❞✐t✐♦♥s ❛r❡ u0(x) = ue + 10x✱ ρ
0(x) = ̺0 ❛♥❞ p
0(x) = ps✳ ❆❧t❤♦✉❣❤ t❤❡ ▼❛❝❤ ♥✉♠❜❡r ✐s s♠❛❧❧
❛s②♠♣t♦t✐❝❛❧❧②✱ ✐t ✐s ♥♦t t❤❡ ❝❛s❡ ❛❧❧ ❛❧♦♥❣ t❤❡ s✐♠✉❧❛t✐♦♥ ✭❛❜♦✉t 0.2 ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ✇✐t❤ t❤✐s s❡t ♦❢
✐♥✐t✐❛❧ ❞❛t❛✮✳
❆t t✐♠❡ t = 0.5 s✱ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❞♦ ♥♦t ❡✈♦❧✈❡ ❛♥②♠♦r❡✳ ❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ st❡❛❞② st❛t❡
s❡❡♠s t♦ ❜❡ ❛♥ ❛s②♠♣t♦t✐❝ st❛t❡ ❛s ❜♦t❤ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❣♦t ❝❧♦s❡r✳ ❍♦✇❡✈❡r✱ t❤❡ ❛s②♠♣t♦t✐❝
♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♣r♦✈✐❞❡❞ ❜② t❤❡ ❝♦♠♣r❡ss✐❜❧❡ s♦❧✈❡r ✐s ♠✉❝❤ ❧❡ss ❛❝❝✉r❛t❡ t❤❛♥ ✐ts ❧♦✇ ▼❛❝❤ ❝♦✉♥✲
t❡r♣❛rt✳ ❚❤❡ ❛❝❝✉r❛❝② ✐s ✐♥✈❡st✐❣❛t❡❞ ♦♥ ❋✐❣✉r❡ ✶✸❜✳ ❆s ❡①♣❡❝t❡❞✱ t❤❡ ❧♦✇ ▼❛❝❤ s❝❤❡♠❡ ✐s ♠✉❝❤ ♠♦r❡
❡✣❝✐❡♥t ✭≈ 380 ✐t❡r❛t✐♦♥s t♦ r❡❛❝❤ t❤❡ ❛s②♠♣t♦t✐❝s✮ t❤❛♥ t❤❡ ❝♦♠♣r❡ss✐❜❧❡ s♦❧✈❡r ✭≈ 4580 ✐t❡r❛t✐♦♥s✮✳
❚❤✐s ✐s ❞✉❡ t♦ t❤❡ r❡s♣❡❝t✐✈❡ ❈❋▲ ❝♦♥❞✐t✐♦♥s✳
❲❡ ♥♦t✐❝❡ t❤❛t t❤❡r❡ ✐s ♥♦ ✭❛❝♦✉st✐❝✮ ♦s❝✐❧❧❛t✐♦♥ ❢♦r t❤❡ ❧♦✇ ▼❛❝❤ s❝❤❡♠❡ ✇❤✐❝❤ ✐s ❛❝❝♦✉♥t❡❞ ❢♦r ❜② t❤❡
❢❛❝t t❤❛t t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡s ❤❛✈❡ ❜❡❡♥ ✜❧t❡r❡❞ ♦✉t ✐♥ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱
♦s❝✐❧❧❛t✐♦♥s ♦❝❝✉r ❢♦r t❤❡ ❝♦♠♣r❡ss✐❜❧❡ ♣r❡ss✉r❡ ✭❜✉t ♥♦t ❢♦r t❤❡ ❞❡♥s✐t②✮ ✇❤✐❝❤ ♦s❝✐❧❧❛t❡s ❛r♦✉♥❞ t❤❡
st❡❛❞② st❛t❡✳
❚❤✉s✱ t❤❡ ❧♦✇ ▼❛❝❤ s♦❧✈❡r ✐♥ ❛ ❧♦✇ ▼❛❝❤ r❡❣✐♠❡ t✉r♥s ♦✉t t♦ ❜❡ ❜♦t❤ ❛❝❝✉r❛t❡ ❛♥❞ ❡✣❝✐❡♥t ✇✐t❤ ❛
❤✐❣❡r r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ t♦✇❛r❞s t❤❡ ❛s②♠♣t♦t✐❝ st❛t❡✳ ❚❤❡ ✉♥st❡❛❞② ❜❡❤❛✈✐♦✉r ♠❛② ❧❛❝❦ ✐♥ ♣❤②s✐❝❛❧
❝♦♥t❡♥t ❜✉t t❤✐s ♣r♦✈✐❞❡s ❛ r❡❧✐❛❜❧❡ ❛♣♣r♦①✐♠❛t✐♦♥✳
✺✳✷ ❉❡s✐❣♥ ♦❢ ❛ st❛❜❧❡ ❝♦✉♣❧✐♥❣ ❛❧❣♦r✐t❤♠
❲❡ ♥♦✇ ❞❡r✐✈❡ ❛ str❛t❡❣② t♦ ❝♦✉♣❧❡ t❤❡ t✇♦ ♥✉♠❡r✐❝❛❧ st❛t❡s ❝♦♥str✉❝t❡❞ ♣r❡✈✐♦✉s❧②✳ ❆ ✜rst str❛t❡❣②
✇♦✉❧❞ ❝♦♥s✐st ✐♥ ❛♣♣❧②✐♥❣ ✇❤❛t ✐s ❞❡s❝r✐❜❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❙❡❝t✐♦♥ ✹✱ ✐✳❡✳ ✐♥ s♦❧✈✐♥❣ t❤❡ ✜①❡❞✲♣♦✐♥t
♣r♦❜❧❡♠ ✭✹✳✶✮ ❛t ❡❛❝❤ t✐♠❡ ✐t❡r❛t✐♦♥ ❜✉t t❤✐s s❡❡♠s t♦ ❜❡ ❡①♣❡♥s✐✈❡ ❢r♦♠ ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✳
❲❡ r❛t❤❡r s✐♠✉❧❛t❡ t❤❡ ♠♦❞❡❧s ✇✐t❤ ❛♥ ❡①♣❧✐❝✐t ❤❛♥❞❧✐♥❣ ♦❢ t❤❡ tr❛♥s♠✐ss✐♦♥ ❝♦♥❞✐t✐♦♥s✳ ■♥ t❤❡ s❡q✉❡❧✱
t❤❡ r❡s✉❧t✐♥❣ s❝❤❡♠❡ ✐s r❡❢❡rr❡❞ t♦ ❛s t❤❡ ❤②❜r✐❞ s❝❤❡♠❡✳
❲❡ ✜rst ✐♥✈❡st✐❣❛t❡ t❤❡ ❝❛s❡ ✇❤❡r❡ α(t) = α0✳ α0 ✐s ❝❤♦s❡♥ s♦ t❤❛t t❤❡ st❡❛❞② ▼❛❝❤ ♥✉♠❜❡r ❛ss♦❝✐❛t❡❞
t♦ t❤❡ st❡❛❞② s♦❧✉t✐♦♥ ✭✸✳✺✮ s❛t✐s✜❡s
M∞(x)
{
< S ❢♦r x ∈ (0, α0),
> S ❢♦r x ∈ (α0, L),
✷✽
✭❛✮ ●r❛♣❤s ♦❢ ❞❡♥s✐t②✱ ✈❡❧♦❝✐t②✱ ♣r❡ss✉r❡ ❛♥❞ ▼❛❝❤ ♥✉♠❜❡r
✭❜✮ ●r❛♣❤s ♦❢ ❛❜s♦❧✉t❡ ❡rr♦rs ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❛s②♠♣t♦t✐❝ st❛t❡
❋✐❣✉r❡ ✶✸✿ ❈♦♠♣❛r✐s♦♥s ♦❢ t❤❡ ❝♦♠♣r❡ss✐❜❧❡ ✭➓ ✺✳✶✳✶✮ ❛♥❞ t❤❡ ❧♦✇ ▼❛❝❤ ✭➓ ✺✳✶✳✷✮ s❝❤❡♠❡s ✐♥ ❛ ❧♦✇
▼❛❝❤ ♥✉♠❜❡r r❡❣✐♠❡
✷✾
xI−1/2 = α0
▲♦✇ ▼❛❝❤ ♥✉♠❜❡r ♠♦❞❡❧ ❈♦♠♣r❡ss✐❜❧❡ ♠♦❞❡❧
unI−3/2 u
n
I−1/2
ρnI−1
Pn
ρnI−2
Pn
ρnI+1
unI+1
pnI+1
ρnI
unI
pnI
xI−2 xI+1
❋✐❣✉r❡ ✶✹✿ ▲♦❝❛t✐♦♥ ♦❢ ♥✉♠❡r✐❝❛❧ ✉♥❦♥♦✇♥s
✇❤❡r❡ S ✐s t❤❡ t❤r❡s❤♦❧❞ ✉♥❞❡r ✇❤✐❝❤ t❤❡ ❧♦✇ ▼❛❝❤ ♥✉♠❜❡r ❛ss✉♠♣t✐♦♥ ✐s ✈❛❧✐❞✳
▲❡t I := 1+ α0∆x ❜❡ t❤❡ ✐♥❞❡① ♦❢ t❤❡ ✜rst ❝❡❧❧ ♦❢ t❤❡ ❝♦♠♣r❡ss✐❜❧❡ ❞♦♠❛✐♥ ✕ s❡❡ ❋✐❣✉r❡ ✶✹✳ α0 ✐s s❡t s✉❝❤
t❤❛t α0∆x ✐s ❛♥ ✐♥t❡❣❡r✳
✺
▲♦✇ ▼❛❝❤ ❛♥❞ ❝♦♠♣r❡ss✐❜❧❡ ✈❛r✐❛❜❧❡s ❛r❡ ❧♦❝❛t❡❞ ❛s ♣r❡s❝r✐❜❡❞ ✐♥ t❤❡ ❞❡s✐❣♥ ♦❢ s♣❡❝✐✜❝ s❝❤❡♠❡s ✭s❡❡
➓ ✺✳✶ ❛♥❞ ❋✐❣✉r❡ ✶✹✮✳
▲❡t ✉s ❛ss✉♠❡ ✇❡ ❛r❡ ❣✐✈❡♥ (uni−1/2)1≤i≤I
✱ (ρni , π
n
i )1≤i≤I−1✱ Pn ❛♥❞ (Wni )I≤i≤N−1✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱
t❤❡ ❡①♣❧✐❝✐t♥❡ss ♦❢ t❤❡ s❝❤❡♠❡ ❡♥❛❜❧❡s t♦ ❞❡❛❧ ✇✐t❤ t❤❡ ❝♦♠♣r❡ss✐❜❧❡ ♣❛rt ✜rst✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐t
✐s ♥❡❝❡ss❛r② t♦ ❤❛♥❞❧❡ t❤✐s ♣❛rt ✜rst ❛s t❤❡ ❧♦✇ ▼❛❝❤ ❝♦♠♣✉t❛t✐♦♥ r❡q✉✐r❡s Pn+1 ❛♥❞✴♦r un+1I−1/2✳ ❚❤❡
❛❧❣♦r✐t❤♠ t❤❛t ✇❡ ♣r♦♣♦s❡ t❤❡r❡❜② r❡❛❞s ❛s ❢♦❧❧♦✇s✿
① ❲❡ ✜rst s♦❧✈❡ ✭✷✳✹✮ ❜② ♠❡❛♥s ♦❢ t❤❡ ✶st✲♦r❞❡r ✜♥✐t❡✲✈♦❧✉♠❡ ♠❡t❤♦❞ ✭✺✳✶✮ ♦✈❡r [α0, L]✳
❚❤❡ ❤❛♥❞❧✐♥❣ ♦❢ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♠✉st ♥♦✇ ❜❡ s♣❡❝✐✜❡❞✳ ❚✇♦ ♣♦ss✐❜✐❧✐t✐❡s ❛r✐s❡ s✐♠✐❧❛r❧②
t♦ t❤❡ ♠♦❞❡❧❧✐♥❣ ♦❢ ✐♥t❡r❢❛❝❡s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✿
✭❛✮ ❊✐t❤❡r ✇❡ ❝♦♥s✐❞❡r t❤❛t t❤❡ ❝♦♠♣r❡ss✐❜❧❡ ❞♦♠❛✐♥ ✐s t❤❡ ✈❡r② ♣r♦❧♦♥❣❛t✐♦♥ ♦❢ t❤❡ ❧♦✇ ▼❛❝❤
♥✉♠❜❡r ❞♦♠❛✐♥ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ❙❝❤❡♠❡ ✭✺✳✶✮ ♥❛t✉r❛❧❧② ❛♣♣❧✐❡s t♦ ❝❡❧❧ CI ✇✐t❤
FnI−1/2 = F(W˜nI−1,WnI ) ❛♥❞ W˜nI−1 =W
(
ρnI−1,
unI−3/2 + u
n
I−1/2
2
,Pn
)
. ✭✺✳✷❛✮
✭❜✮ ❖r ✇❡ ❝♦♥s✐❞❡r x = α0 ❛s ❛ ❦✐♥❞ ♦❢ ❜♦✉♥❞❛r② ❛♥❞ ✇❡ ✉s❡ t❤❡ s♣✐r✐t ♦❢ ❬✶✹❪✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱
t❤❡ tr❛♥s♠✐ss✐♦♥ ❜❡t✇❡❡♥ t❤❡ t✇♦ s✉❜❞♦♠❛✐♥s ✐s ❛❝❤✐❡✈❡❞ ❜② s❡tt✐♥❣
FnI−1/2 = F(ŴnI−1,WnI ) ❛♥❞ ŴnI−1 =W
(
ρnI−1,
unI−3/2 + u
n
I−1/2
2
, 2pnI − pnI+1
)
✭✺✳✷❜✮
t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ s✐❣♥ ♦❢ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ❤②♣❡r❜♦❧✐❝ ♣r♦❜❧❡♠✿ t❤✐s str❛t❡❣② ❝♦r✲
r❡s♣♦♥❞s t♦ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❊✉❧❡r ❡q✉❛t✐♦♥s ✭✷✳✹✮ ✐♥ (α0, L) t♦❣❡t❤❡r ✇✐t❤ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s ❢♦r ρ ❛♥❞ u ❛t x = α0 ❛♥❞ ❢♦r p ❛t x = L✳
❆s ❢♦r t❤❡ ❤❛♥❞❧✐♥❣ ♦❢ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛t t❤❡ ❡①✐t ♦❢ t❤❡ ❞♦♠❛✐♥✱ ✐t ✐s ❛ ♠❛❥♦r ♥✉♠❡r✐❝❛❧
✐ss✉❡✳ ■♥❞❡❡❞✱ t♦ ❣❡t ❛♥ ❛❝❝✉r❛t❡ ✈❛❧✉❡ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ♦✉t❧❡t ♣r❡ss✉r❡✱ ❛♥ ❛♥❛❧②s✐s ♦❢ t❤❡
❝♦♠♣r❡ss✐❜❧❡ s❝❤❡♠❡ ♠✉st ❜❡ ❝❛rr✐❡❞ ♦✉t ❜✉t ✐t ✐s ♥♦t t❤❡ t♦♣✐❝ ♦❢ t❤✐s ♣❛♣❡r ✭s❡❡ ❬✶✹❪✮✳
✺❲❡ ❛ss✉♠❡ t❤❛t α0 ✐s r❛t✐♦♥❛❧ ✇❤✐❝❤ ✐s ♥♦t r❡str✐❝t✐✈❡ ❛s α0 ✐s ❛ ♠♦❞❡❧❧✐♥❣ ♣❛r❛♠❡t❡r✳
✸✵
② ❲❡ t❤❡♥ ❤❛♥❞❧❡ t❤❡ ❧♦✇ ▼❛❝❤ ♥✉♠❜❡r s✉❜❞♦♠❛✐♥✳ ❚♦ s♦❧✈❡ t❤❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ✭✷✳✺❛✮ ♦✈❡r
(tn, tn+1)✱ ✇❡ ✉s❡ ❛♥ ✐♠♣❧✐❝✐t ♦r ❡①♣❧✐❝✐t st❛♥❞❛r❞ s❝❤❡♠❡ ✭✇❤✐❝❤ ❝❛♥ ❜❡ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡
♦♥❡ ✉s❡❞ ✐♥ ❙t❡♣ ① ✐❢ ♦♥❡ ✇❛♥ts t♦ ❡♥s✉r❡ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ♠❛ss✮ ♦r ❛ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ♦❢
❝❤❛r❛❝t❡r✐st✐❝s ✭✉s✐♥❣ t❤❡ ♥♦♥❝♦♥s❡r✈❛t✐✈❡ ❢♦r♠✉❧❛t✐♦♥ ✕ s❡❡ ❬✹✵❪✮✳ ❚❤❡ t✐♠❡ st❡♣ ✐♥❞✉❝❡❞ ❜② t❤❡
♣r❡✈✐♦✉s st❛❣❡ ✐s st✐❧❧ ❝♦♥✈❡♥✐❡♥t ❢♦r t❤❡ ♣r❡s❡♥t ♦♥❡ s✐♥❝❡ t❤❡r❡ ✐s ♦♥❧② ❛ ♠❛t❡r✐❛❧ ✇❛✈❡ ✭s❧♦✇❡r
t❤❛♥ t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡ ✐♥ t❤✐s ❝♦♥t❡①t✮✳ ❋♦r t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ✈❛❧✉❡s ❢♦r ρ˜I−1/2 ❛r❡
❛✈❛✐❧❛❜❧❡ ❛t t✐♠❡ tn ❛♥❞ tn+1 ❛♥❞ ♠❛② ❜❡ ✉s❡❞ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❡①♣❧✐❝✐t♥❡ss ♦❢ t❤❡ s❝❤❡♠❡✳
❆❝❝♦r❞✐♥❣ t♦ ✭✷✳✾❝✮✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ♥❡✇ t❤❡r♠♦❞②♥❛♠✐❝ ♣r❡ss✉r❡ ❜② t❤❡ ✷♥❞✲♦r❞❡r ✐♥t❡r♣♦❧❛t✐♦♥
❢♦r♠✉❧❛ Pn+1 = 3p
n+1
I − pn+1I+1
2
✳ ❚♦ ❝♦♠♣✉t❡ t❤❡ ✈❡❧♦❝✐t②✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❛♣♣❧② t❤❡ s❛♠❡
♣r♦❝❡❞✉r❡ ❛s ✐♥ ➓ ✺✳✶✳✷✱ ✇❤✐❝❤ r❡q✉✐r❡s ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ P ′(tn+1)✳ ❆tt❡♠♣ts t♦ ❛♣♣r♦①✐♠❛t❡
t❤✐s q✉❛♥t✐t② ❜② ♠❡❛♥s ♦❢ ✜♥✐t❡✲❞✐✛❡r❡♥❝❡ ❢♦r♠✉❧❛❡ t✉r♥❡❞ ♦✉t t♦ ❧❡❛❞ t♦ ♥✉♠❡r✐❝❛❧ ✐♥st❛❜✐❧✐t✐❡s✳
❚❤❛t ✐s ✇❤② ✐t ✐s ♥❡❝❡ss❛r② t♦ ❛♣♣❧② ❛ ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤✳
❖✉r ❛❧❣♦r✐t❤♠ r❡❧✐❡s ♦♥ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❡q✉❛t✐♦♥ ✭✷✳✸✮✳ ❙❡tt✐♥❣ u˜n+1I−1/2 :=
1
2
(
3un+1I − un+1I+1
)
✇❤✐❝❤ ✐s ❝♦♠♣✉t❡❞ t❤❛♥❦s t♦ t❤❡ ❝♦♠♣r❡ss✐❜❧❡ st❡♣✱ ✇❡ ❝♦♠♣✉t❡
ηn+1 :=
1
α0
(
u˜n+1I−1/2 − ue(tn+1)−
1
ΥPn+1
∫ α0
0
Φ(x) dx
)
≈ −(Υ− 1)P
′
ΥP (t
n+1). ✭✺✳✸✮
❍❡♥❝❡
un+1i−1/2 = ue(t
n+1) + ηn+1xi−1/2 +
1
ΥPn+1
∫ xi−1/2
0
Φ(x) dx.
❚❤✐s str❛t❡❣② t✉r♥❡❞ ♦✉t t♦ ♣r♦✈✐❞❡ st❛❜❧❡ r❡s✉❧ts ✇❤✐❝❤ ❛r❡ s❤♦✇♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✳
❲❡ ❞♦ ♥♦t ♠❡♥t✐♦♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ π s✐♥❝❡ ✐♥ ❞✐♠❡♥s✐♦♥ 1✱ t❤❡ ♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥ ✭✷✳✺❝✮
✐s ❞❡❝♦✉♣❧❡❞ ❢r♦♠ t❤❡ ♦t❤❡r ❡q✉❛t✐♦♥s ❛♥❞ ✐s t❤✉s ♦♥❧② ❛ ♣♦st♣r♦❝❡ss✐♥❣ ❢♦r π✳
❚❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ✐♥t❡r❢❛❝❡ α0 ✐s ❛r❜✐tr❛r② ❛♥❞ ❝♦✉❧❞ ✐♠♣❧② ❛❞❞✐t✐♦♥❛❧ ♥✉♠❡r✐❝❛❧ ❡rr♦rs✳ ❊✈❡♥ ✐❢ ✐s
❧❡❣✐t✐♠❛t❡ ❢♦r ❧❛r❣❡ t✐♠❡s ❛s ✐t ✐s ❜❛s❡❞ ✉♣♦♥ t❤❡ st❡❛❞② ▼❛❝❤ ♥✉♠❜❡r✱ ✐t ❝❛♥ ❜❡ ♥♦ ❧♦♥❣❡r t❤❡ ❝❛s❡
❢♦r s❤♦rt t✐♠❡s✳ ■♥❞❡❡❞✱ t❤❡ ▼❛❝❤ ♥✉♠❜❡r ❝❛♥ ❜❡ ❧❛r❣❡ ✐♥ t❤❡ ✉♥st❡❛❞② r❡❣✐♠❡ ❛♥❞ ❛ ✜①❡❞ ✐♥t❡r❢❛❝❡
♠❛② ♥♦t ❜❡ r❡❧❡✈❛♥t✳ ❚❤❛t ✐s ✇❤② ✇❡ ❣❡t ✐♥t❡r❡st❡❞ ✐♥ ❛ ♠♦✈✐♥❣ ✐♥t❡r❢❛❝❡ ❛♣♣r♦❛❝❤✳ αn ✐s t✉♥❡❞ ❜②
t❤❡ ❧❡✈❡t s❡t ❡q✉❛❧ t♦ ❛ ❣✐✈❡♥ t❤r❡s❤♦❧❞ S ♦❢ t❤❡ ❝✉rr❡♥t ▼❛❝❤ ♥✉♠❜❡r Mni ❝♦♠♣✉t❡❞ ✐♥ ❡❛❝❤ ❝❡❧❧✳
❚❤❡ ❛❧❣♦r✐t❤♠ ❞❡t❛✐❧❡❞ ❛❜♦✈❡ ❝❛♥ ❞✐r❡❝t❧② ❜❡ ❛❞❛♣t❡❞✳ ■♥❞❡① In ✐s ✉♣❞❛t❡❞ ❛t ❡❛❝❤ t✐♠❡ st❡♣✳ ❆t
t❤❡ ❡♥❞ ♦❢ ❡❛❝❤ ✐t❡r❛t✐♦♥✱ t❤❡ ❝✉rr❡♥t ❝♦♥s❡r✈❛t✐✈❡ st❛t❡ ✐s r❡❝♦♥str✉❝t❡❞ ✐♥ ❜♦t❤ s✉❜❞♦♠❛✐♥s✳ ■♥
♣❛rt✐❝✉❧❛r✱ ✐♥ t❤❡ ❧♦✇ ▼❛❝❤ ❞♦♠❛✐♥✱ ✇❡ s❡t Wni = W
(
ρni ,
un
i−1/2
+un
i+1/2
2 ,Pn
)
✳ ■♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢
ηn+1✱ ❛♥ ❡①♣❧✐❝✐t ❤❛♥❞❧✐♥❣ ✐s ❛❝❤✐❡✈❡❞ ❜② r❡♣❧❛❝✐♥❣ α0 ✐♥ ✭✺✳✸✮ ❜② α
n ❛♥❞ I ❜② In✳
✺✳✸ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts
❲❡ ❢♦❝✉s ♦♥ ❛ ❝♦♥✜❣✉r❛t✐♦♥ ✇❤❡r❡ t❤❡ st❡❛❞② st❛t❡ ✐s ♥♦t ❡♥t✐r❡❧② ✐♥ t❤❡ ❧♦✇ ▼❛❝❤ r❡❣✐♠❡✳ ❈♦♠♣❛r❡❞
t♦ t❤❡ st❛♥❞❛r❞ ❞❛t❛ ♦❢ ❈❛s❡ ✶✳✱ Φ0 ✐s ✐♥❝r❡❛s❡❞ ❛♥❞ ps ❞❡❝r❡❛s❡❞✳ ❙t❡❛❞② s♦❧✉t✐♦♥s ❛r❡ ❞❡♣✐❝t❡❞ ♦♥
❋✐❣✉r❡ ✶✺❛✳ ❚❤❡ ▼❛❝❤ ♥✉♠❜❡r r❛♥❣❡s ❢r♦♠ 0.04 t♦ 0.23 ❛♥❞ ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ✈❡❧♦❝✐t② ✐s ♦✈❡r✲
❡st✐♠❛t❡❞ ✉♥❞❡r t❤❡ ❧♦✇ ▼❛❝❤ ❛♣♣r♦①✐♠❛t✐♦♥✳
❚❤❡ ❝♦♠♣r❡ss✐❜❧❡ s❝❤❡♠❡ ✭➓ ✺✳✶✳✶✮ ❛♥❞ t❤❡ ❤②❜r✐❞ str❛t❡❣② ✭➓ ✺✳✷✮ ❛r❡ ❛♣♣❧✐❡❞ t♦ t❤✐s ❝❛s❡ ❛♥❞ r❡s✉❧ts
❛r❡ ❝♦♠♣❛r❡❞ ♦♥ ❋✐❣✉r❡ ✶✺❜✳ ❚❤❡ ❤②❜r✐❞ s❝❤❡♠❡ ✐s ❛ss❡ss❡❞ ❜♦t❤ ✐♥ t❤❡ ✜①❡❞ ❛♥❞ t❤❡ ♠♦✈✐♥❣ ✐♥t❡r❢❛❝❡
s❡t✉♣✳ ❲❡ ✜rst ♠❡♥t✐♦♥ t❤❛t str❛t❡❣✐❡s ✭✺✳✷❛✮ ❛♥❞ ✭✺✳✷❜✮ ♣r♦✈✐❞❡ q✉✐t❡ s✐♠✐❧❛r r❡s✉❧ts ✐♥ t❤❡ ✜①❡❞
✐♥t❡r❢❛❝❡ ❝❛s❡ ❜✉t t❤❡ ♣✉r❡ ❧♦✇ ▼❛❝❤ ✢✉① ✭✺✳✷❛✮ ✐♥❞✉❝❡s ♦s❝✐❧❧❛t✐♦♥s ♦❢ t❤❡ ✐♥t❡r❢❛❝❡ ✇❤❡♥ t❤❡ ❧❛tt❡r ✐s
♥♦ ❧♦♥❣❡r ✜①❡❞✳ ❚❤❛t ✐s ✇❤② ✇❡ r❡❝♦♠♠❡♥❞ t❤❡ ✉s❡ ♦❢ str❛t❡❣② ✭✺✳✷❜✮✳ ❙❡❝♦♥❞❧②✱ ✇❡ ❞♦ ♥♦t ♦❜s❡r✈❡ ❛♥②
✸✶
✭❛✮ ❙t❡❛❞② st❛t❡s ♣r♦✜❧❡s
✭❜✮ ❆s②♠♣t♦t✐❝ ♥✉♠❡r✐❝❛❧ st❛t❡s
✭❝✮ ◆✉♠❡r✐❝❛❧ ❡rr♦rs
❋✐❣✉r❡ ✶✺✿ ❈❛s❡ ✺✳ Φ0 = 5 · 108W ·m−3✱ ps = 6 · 106 Pa
✸✷
❋✐❣✉r❡ ✶✻✿ ■♥✢✉❡♥❝❡ ♦❢ ♣❛r❛♠❡t❡rs α0 ✭❝r♦ss❡s✮ ❛♥❞ S ✭❝✐r❝❧❡s✮ ✉♣♦♥ t❤❡ ♥✉♠❡r✐❝❛❧ ❡rr♦rs ✭❞❡♥s✐t②✱
✈❡❧♦❝✐t②✱ ♣r❡ss✉r❡✮
♥♦t✐❝❡❛❜❧❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ r❡s✉❧ts ❢♦r t❤❡ ✜①❡❞ ❛♥❞ ♠♦✈✐♥❣ ✐♥t❡r❢❛❝❡ ❛♣♣r♦❛❝❤❡s ❛t ❝♦♥✈❡r❣❡♥❝❡ ✭✐♥
t✐♠❡✮✳ ▼❛❦✐♥❣ t❤❡ ✐♥t❡r❢❛❝❡ ❡✈♦❧✈❡s s❡❡♠s ♠♦r❡ r❡❧❡✈❛♥t ✐♥ t❤❡ ✉♥st❡❛❞② r❡❣✐♠❡ ❛s t❤❡ ▼❛❝❤ ♥✉♠❜❡r
✐♥❝r❡❛s❡s t✐❧❧ 0.9 ✐♥ t❤❡ ❝♦✉rs❡ ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥✳
❈♦♠♣❛r❡❞ t♦ t❤❡ ❝♦♠♣r❡ss✐❜❧❡ s❝❤❡♠❡✱ t❤❡ ❤②❜r✐❞ str❛t❡❣② ✐s ♠✉❝❤ ♠♦r❡ ❛❝❝✉r❛t❡ ✭s❡❡ ❋✐❣✉r❡ ✶✺❝✮
❛❧t❤♦✉❣❤ ✐t ♦♥❧② ❞✐✛❡rs ♦✈❡r ❛ s♠❛❧❧ ♣❛rt ♦❢ t❤❡ ❞♦♠❛✐♥✱ ✐✳❡✳ ❛ q✉❛rt❡r ♦❢ t❤❡ ❞♦♠❛✐♥ ✇✐t❤ α0 = 0.8✳
❲❡ r❡❝❛❧❧ t❤❛t t❤❡ s❝❤❡♠❡ ✐s t❤❡ s❛♠❡ ✐♥ t❤❡ ♦t❤❡r ♣❛rt✳
❙❡♥s✐t✐✈✐t② ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ❡rr♦rs ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❤②❜r✐❞ str❛t❡❣✐❡s ✭α0 ✐❢ ✜①❡❞✱
S ✐❢ ♠♦✈✐♥❣✮ ✐s ✐♥✈❡st✐❣❛t❡❞ ♦♥ ❋✐❣✉r❡ ✶✻✳ ❲❡ ❝❧❡❛r❧② ♦❜s❡r✈❡ t❤❛t ✐♥ ❜♦t❤ st✉❞✐❡s✱ ❛ ♠✐♥✐♠✉♠ ❝❛♥
❜❡ r❡❛❝❤❡❞ ❢♦r ❡❛❝❤ ✈❛r✐❛❜❧❡ ✭❞❡♥s✐t②✱ ✈❡❧♦❝✐t② ❛♥❞ ♣r❡ss✉r❡✮ ❜✉t ♥♦t ✇✐t❤ t❤❡ s❛♠❡ ♠✐♥✐♠✐③❡r✳ ■t ✐s
t❤❡♥ ❤❛r❞ t♦ ❞❡t❡r♠✐♥❡ ❛ ♣r✐♦r✐ t❤❡ ❜❡st ✈❛❧✉❡ ❢♦r α0 ♦r S✳ ❚❤❡ ❡rr♦r ❝❛♥ ❜❡ ♠✉❧t✐♣❧✐❡❞ ❜② 2✱ 3 ♦r 4
❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡r✳ ❍♦✇❡✈❡r✱ t✉♥✐♥❣ S t♦ 0.1 s❡❡♠s t♦ ❜❡ ❛ ❣♦♦❞ ❝♦♠♣r♦♠✐s❡
❛s s❡❡♥ ♦♥ ❋✐❣✉r❡ ✾✳
✻ ❈♦♥❝❧✉s✐♦♥
✶❉ ❝♦♠♣✉t❛t✐♦♥s ♦❢ ✢✉✐❞ ✢♦✇s ❤❛✈❡ ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ✐♥ t❤✐s ✇♦r❦ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ▼❛❝❤
♥✉♠❜❡r ✉♣♦♥ t❤❡ r♦❜✉st♥❡ss ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ s❝❤❡♠❡✳ ❈♦♠♣r❡ss✐❜❧❡ s❝❤❡♠❡s ♠❛② ♣r❡s❡♥t ❞✐✣❝✉❧t✐❡s
t♦ ❝♦♥✈❡r❣❡ ✐♥ t✐♠❡ ✇❤❡♥ t❤❡ ▼❛❝❤ ♥✉♠❜❡r ❜❡❝♦♠❡s s♠❛❧❧✳ ❚❤❛t ✐s ✇❤② ✇❡ ❞❡✈❡❧♦♣❡❞ ❛ ❝♦✉♣❧✐♥❣
str❛t❡❣② t♦ ✐♥❝♦r♣♦r❛t❡ s♣❡❝✐✜❝✐t✐❡s ♦❢ ▼❛❝❤ r❡❣✐♠❡s✳
❲❡ ✜rst ❢♦❝✉s❡❞ ♦♥ ❛ ❧♦✇ ▼❛❝❤ ♠♦❞❡❧ ✇❤✐❝❤ ♦✛❡rs ♠❛♥② ❛❞✈❛♥t❛❣❡s ❝♦♠♣❛r❡❞ t♦ t❤❡ ❝♦♠♣r❡ss✐❜❧❡
s②st❡♠ ✐t ✐s r❡s✉❧t✐♥❣ ❢r♦♠✿ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❞❡r✐✈❡ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥s ❢♦r ❜♦t❤ st❡❛❞② ❛♥❞ ✉♥st❡❛❞②
❝❛s❡s✱ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❛r❡ ❛❝❝✉r❛t❡ ✐♥ t❤❡ st❡❛❞② r❡❣✐♠❡ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛❧❣♦r✐t❤♠ ✐s ❡✣❝✐❡♥t
❞✉❡ t♦ ❛ ❧❡ss r❡str✐❝t✐✈❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥✳ ❚❤❡ ❧✐♥❦ ❜❡t✇❡❡♥ st❡❛❞② s♦❧✉t✐♦♥s ♦❢ ❜♦t❤ ♠♦❞❡❧s ✐s t❤❡♥
✸✸
st✉❞✐❡❞ ✐♥ ♦r❞❡r t♦ ❜❡tt❡r ✉♥❞❡rst❛♥❞ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ▼❛❝❤ ♥✉♠❜❡r✳
❙❡❝♦♥❞❧②✱ ✇❡ ❣♦t ✐♥t❡r❡st❡❞ ✐♥ ❝♦♥✜❣✉r❛t✐♦♥s ✇❤❡r❡ t❤❡ ❧♦✇ ▼❛❝❤ ❤②♣♦t❤❡s✐s ❞♦❡s ♥♦t ❤♦❧❞ ✐♥ t❤❡ ✇❤♦❧❡
❞♦♠❛✐♥ ♦❢ ❝♦♠♣✉t❛t✐♦♥ ❢♦r ♣❤②s✐❝❛❧ r❡❛s♦♥s✳ ❚♦ ❞❡❛❧ ✇✐t❤ t❤✐s ✐ss✉❡✱ ✇❡ ♣r♦♣♦s❡❞ ❛ ❝♦✉♣❧✐♥❣ ❛♣♣r♦❛❝❤
✇❤✐❝❤ r❡❧✐❡s ♦♥ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ ❡❛❝❤ ♠♦❞❡❧ ✐♥ ✐ts r❡❧❡✈❛♥t ❞♦♠❛✐♥ t♦❣❡t❤❡r ✇✐t❤ tr❛♥s♠✐ss✐♦♥ ❝♦♥❞✐t✐♦♥s
t❤r♦✉❣❤ t❤❡ ✐♥t❡r❢❛❝❡✳ ❚❤✐s str❛t❡❣② t✉r♥❡❞ ♦✉t t♦ ♣r♦✈✐❞❡ ❛ ❣❧♦❜❛❧ st❡❛❞② st❛t❡ ❢♦r t❤❡ ❝♦✉♣❧✐♥❣ ♣r♦❜❧❡♠
❛♥❞ ❛ r♦❜✉st ❛❧❣♦r✐t❤♠ ✇❤✐❝❤ ❢♦r♠s ❛ ✜rst st❛❣❡ ✐♥ t❤❡ st✉❞② ♦❢ ❧♦✇ ▼❛❝❤ ✕ ❝♦♠♣r❡ss✐❜❧❡ ✢♦✇s✳ ◆♦t✐❝❡
t❤❛t t❤❡ ✐♥❛❝❝✉r❛❝② ♦❢ ❝♦♠♣r❡ss✐❜❧❡ s♦❧✈❡rs ✐s ♥♦t ✐♥✈❡st✐❣❛t❡❞ ✐♥ t❤❡ ♣r❡s❡♥t ✇♦r❦ ✭s❡❡ ❬✶✹❪✮✳
❙❡✈❡r❛❧ ♣❡rs♣❡❝t✐✈❡s ♠✉st ❤♦✇❡✈❡r ❜❡ ❡①❛♠✐♥❡❞ ✐♥ ❢✉t✉r❡ ✇♦r❦s✳ ❋✐rst ♦❢ ❛❧❧✱ ✇❡ ♠✉st ♠❛❦❡ t❤❡ ❝♦❞❡
r♦❜✉st t♦ ❛♣♣❡❛r❛♥❝❡s✴❞✐s❛♣♣❡❛r❛♥❝❡s ♦❢ ❛ r❡❣✐♠❡ ❛s t❤❡ r❡s✉❧ts ❛❜♦✈❡ ♦♥❧② ❝♦♥❝❡r♥ s✐t✉❛t✐♦♥s ✇❤❡r❡
❜♦t❤ ♠♦❞❡❧s ❛r❡ ♣r❡s❡♥t t❤r♦✉❣❤♦✉t t❤❡ ❝♦♠♣✉t❛t✐♦♥✳ ❙❡❝♦♥❞ ♦❢ ❛❧❧✱ t❤❡ ❤❛♥❞❧✐♥❣ ♦❢ t✐♠❡ st❡♣s ♠✉st
❜❡ ✐♠♣r♦✈❡❞✳ ■♥❞❡❡❞✱ t❤❡ ❛❝♦✉st✐❝ ❈❋▲ ❝♦♥❞✐t✐♦♥ ✐s ✐♠♣♦s❡❞ ✐♥ t❤❡ ❧♦✇ ▼❛❝❤ ❞♦♠❛✐♥ ✇❤✐❝❤ ✐s ♥♦t
♥❡❝❡ss❛r②✳ ❚❤❡ ❡✣❝✐❡♥❝② ❝❛♥ t❤✉s ❜❡ ❡♥❤❛♥❝❡❞ ❜② ♠❡❛♥s ♦❢ ❛ s✉❜❝②❝❧✐♥❣ str❛t❡❣② ✭♠❛t❡r✐❛❧ t✐♠❡ st❡♣
✐♥ t❤❡ ❧♦✇ ▼❛❝❤ ❞♦♠❛✐♥✱ ❛❝♦✉st✐❝ t✐♠❡ st❡♣ ✐♥ t❤❡ ❝♦♠♣r❡ss✐❜❧❡ ♣❛rt✮✳ ❚❤✐r❞ ♦❢ ❛❧❧✱ t❤✐s ❛♣♣r♦❛❝❤ ♠✉st
❜❡ ❡①t❡♥❞❡❞ t♦ ❞✐♠❡♥s✐♦♥ ✷✳ ❚✇♦ ✐ss✉❡s ❛r❡ r❛✐s❡❞✿ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞✱ t❤❡ ❝♦♥t✐♥✉✐t② ❝♦♥❞✐t✐♦♥ ✐♠♣♦s❡❞
♦♥ t❤❡ t❤❡r♠♦❞②♥❛♠✐❝ ♣r❡ss✉r❡ ✐s ♥♦ ♠♦r❡ ✈❛❧✐❞ ✐♥ ✷❉ ❛s ✐t ✐s ❝♦♥st❛♥t ♦♥ ♦♥❡ s✐❞❡ ♦❢ t❤❡ ✐♥t❡r❢❛❝❡ ❛♥❞
✈❛r✐❛❜❧❡ ❛❧❧ ❛❧♦♥❣ t❤❡ ♦t❤❡r s✐❞❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❞❡❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ t❤❡ ♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥
❛♥❞ t❤❡ ♦t❤❡rs ❞♦❡s ♥♦t ❤♦❧❞ ❛♥②♠♦r❡ ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❞②♥❛♠✐❝ ♣r❡ss✉r❡ ❜❡❝♦♠❡s ❛ ♠❛❥♦r
♣♦✐♥t✳
❆ ❉❡r✐✈❛t✐♦♥ ♦❢ ❋♦r♠✉❧❛❡
❆✳✶ ❊q✉❛❧✐t② ✭✸✳✾❜✮
❋r♦♠ ✭✸✳✾❛✮✱ ✇❡ ❤❛✈❡
̺e
ρ∞(x)
=
2Υp˜e + 1 + Φ˜
x−a
b−a
Υ(p˜e + 1)±
√
(Υp˜e −Υ+ 1)2 − (2Υ− 1)Φ˜x−ab−a
=
(
2Υp˜e + 1 + Φ˜
x−a
b−a
)(
Υ(p˜e + 1)∓
√
(Υp˜e −Υ+ 1)2 − (2Υ− 1)Φ˜x−ab−a
)
Υ2(p˜e + 1)2 − (Υp˜e −Υ+ 1)2 + (2Υ− 1)Φ˜x−ab−a
=
1
2Υ− 1
(
Υ(p˜e + 1)∓
√
(Υp˜e −Υ+ 1)2 − (2Υ− 1)Φ˜x− a
b− a
)
.
❍❡♥❝❡✱ ❢r♦♠ ✭✸✳✼❜✬✮✱ ✇❡ ❞❡❞✉❝❡ ✭✸✳✾❜✮✳
❆✳✷ ❊q✉❛❧✐t② ✭✸✳✶✸✮
❆s Xs = Υ−Υp˜s − 1✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ t❤❡ ❡①♣r❡ss✐♦♥ ✭✸✳✶✶✮ ♦❢ p˜±e t❤❛t
(Υp˜e −Υ+ 1)2 − (2Υ− 1)Φ˜
=
[
Υ(Υ− 1)(1− p˜s)±Υ
√
X 2s + Φ˜− (Υ− 1)
]2
− (2Υ− 1)Φ˜
= Υ2X 2s + (Υ− 1)2(X 2 + Φ˜)± 2Υ(Υ− 1)Xs
√
X 2s + Φ˜
=
[
ΥXs ± (Υ− 1)
√
X 2s + Φ˜
]2
.
✸✹
❇ Pr♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✹
■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ♥♦t❡
Pα = X
3 + ε2X
2 + (αε11 + ε10)X + αε0
✇❤❡r❡ ε2 := 2(Υ− 1)(p˜s − 1)✱ ε10 := −(2Υ− 1)p˜2s + 2(Υ− 1)p˜s − Φ˜✱ ε11 := Φ˜ΥL ❛♥❞ ε0 := Υ−1Υ Φ˜p˜sL ✳
❈♦♥t✐♥✉✐t② ♦❢ ♣♦❧②♥♦♠✐❛❧ r♦♦ts ✇✐t❤ r❡s♣❡❝t t♦ t❤❡✐r ❝♦❡✣❝✐❡♥ts✻ ❤❛✈❡ ❜❡❡♥ ❧♦♥❣ st✉❞✐❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡
✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✸✵✱ ❈❤✳ ❱❪ ❛♥❞ ❬✸✹✱ ❚❤✳ ✶✳✹❪✮✳ ❚❤❡s❡ r❡s✉❧ts ❡♥s✉r❡ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ t❤r❡❡ ❝♦♠♣❧❡①
r♦♦ts ♦❢ ✭✹✳✺✮ ✇✐t❤ r❡s♣❡❝t t♦ α✳ ❚❤❡ ✐ss✉❡ ✐s r❛t❤❡r t♦ ❞❡t❡r♠✐♥❡ ✇❤❡t❤❡r t❤❡s❡ r♦♦ts r❡♠❛✐♥ r❡❛❧ ♦r
♥♦t✳ ❆s Pα ✐s ❛ ✸r❞✲❞❡❣r❡❡ ♣♦❧②♥♦♠✐❛❧ ✇✐t❤ r❡❛❧ ❝♦❡✣❝✐❡♥ts✱ ✐t ❤❛s ❡✐t❤❡r ✵ ♦r ✷ ♥♦♥r❡❛❧ r♦♦ts ✇❤✐❝❤
♠✉st ❜❡ ❝♦♥❥✉❣❛t❡❞✳ ❇② ❝♦♥t✐♥✉✐t②✱ t❤❡ tr❛♥s✐t✐♦♥ ❜❡t✇❡❡♥ t❤❡s❡ ✷ ❝♦♥✜❣✉r❛t✐♦♥s ✐s t❤❡ ❝❛s❡ ✇❤❡r❡
t❤❡r❡ ✐s ❛ ❞♦✉❜❧❡ r♦♦t✱ ✐✳❡✳ ✇❤❡♥ p˜α ✐s ❛ r♦♦t ♦❢ ❜♦t❤ Pα ❛♥❞ P
′
α✳ ❆s ✇❡ ❝♦♥❝❧✉❞❡❞ ✐♥ ➓ ✹✳✷✱ s✐t✉❛t✐♦♥s
❢r♦♠ ❋✐❣✉r❡s ✶✷❜ ❛♥❞ ✶✷❝ ❝❛♥♥♦t ❤❛♣♣❡♥ ❢♦r α ∈ (0, L)✳
❚❤❡ s❛♠❡ ❝♦♥❝❧✉s✐♦♥ ❛r✐s❡s ✇✐t❤ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ✐♠♣❧✐❝✐t ❢✉♥❝t✐♦♥ t❤❡♦r❡♠✳ ▲❡t α0 ❜❡ ❛ ♥✉♠❜❡r
✐♥ (0, L)✳ ❊q✳ ✭✹✳✺✮ ❛❧s♦ r❡❛❞s
P
(
α0, p˜(α0)
)
:= Pα0
(̂˜p α0) = 0.
❚❤❡ ❡①✐st❡♥❝❡ ♦❢ s✉❝❤ ❛♥ ✐♠♣❧✐❝✐t ❢✉♥❝t✐♦♥ p˜ r❡s✉❧ts ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ∂pP(α0, ·) 6= 0 ✐♥ t❤❡ ✈✐❝✐♥✐t②
♦❢ ̂˜p α0 ✳ ❚❤✐s ✐s t❤❡ ❝❛s❡ ❜❡❝❛✉s❡ ∂pP(α0, p˜(α0)) = P′α0 (̂˜p α0) > 0 ❛❝❝♦r❞✐♥❣ t♦ ❋✐❣✉r❡ ✶✷❢✳ ❍❡♥❝❡ t❤❡
❝♦♥t✐♥✉✐t② ♦✈❡r (0, L)✳ ▼♦r❡♦✈❡r✱ p˜ ✐s ♦❢ ❝❧❛ss C 1 ❛s ∂αP(α0, ·) > 0 ✇✐t❤
p˜′(α0) = −
∂αP
(
α0, p˜(α0)
)
∂pP
(
α0, p˜(α0)
) = − ε11p˜(α0) + ε0
3p˜(α0)2 + 2ε2p˜(α0) + ε11α+ ε10
< 0
❢r♦♠ ✇❤✐❝❤ ✇❡ ✐♥❢❡r t❤❛t p˜ ✐s ♠♦♥♦t♦♥❡✲❞❡❝r❡❛s✐♥❣✳
❈r✐t✐❝❛❧ ❝❛s❡s ❛r❡ t❤✉s α = 0 ❛♥❞ α = L✳ ❋✐rst ♦❢ ❛❧❧✱ ❢♦r α = 0 ✭✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❢✉❧❧②
❝♦♠♣r❡ss✐❜❧❡ ❝❛s❡✮✱ ✇❡ r❡♠❛r❦ t❤❛t
P0 = X
[
X2 + 2(Υ− 1)(p˜s − 1)X +
(
−(2Υ− 1)p˜2s + 2(Υ− 1)p˜s − Φ˜
)]
.
❆s p˜0 6= 0✱ ❊q✉❛t✐♦♥ ✭✹✳✺✮ ✐s t❤❡♥ ♥♦t❤✐♥❣ ❜✉t t❤❡ ❡q✉❛t✐♦♥ s❛t✐s✜❡❞ ❜② p˜e ❢♦r t❤❡ ❊✉❧❡r s②st❡♠ ✕ s❡❡
❊q✳ ✭✸✳✶✵✮✳ ❚❤❡ ✸ r♦♦ts ❛r❡ 0✱ p˜−e ❛♥❞ p˜
+
e > max{p˜−e , 0}✳ ❚❤❡♥ p˜(0) = p˜+e ✿ ✇❡ r❡❝♦✈❡r ❡①❛❝t❧② t❤❡ r❡s✉❧t
❢r♦♠ Pr♦♣✳ ✷ ❛s ❡①♣❡❝t❡❞ ❛♥❞ p˜ ✐s ❝♦♥t✐♥✉♦✉s ❛t α = 0✳
❙❡❝♦♥❞❧②✱ ❢♦r α = L✱ ✇❡ ❤❛✈❡
PL = (X − p˜s)
[
X2 +
(
(2Υ− 1)p˜s − 2(Υ− 1)
)
X − Υ− 1
Υ
Φ˜
]
.
❚❤✐s ❡q✉❛t✐♦♥ ❛❞♠✐ts t❤r❡❡ r♦♦ts✿ ♦♥❡ ♥❡❣❛t✐✈❡ ❛♥❞ t✇♦ ♣♦s✐t✐✈❡ ✭❛♠♦♥❣ ✇❤✐❝❤ p˜s✮✳ ❚❤❡ r❡❛s♦♥✐♥❣ t❤❛t
❧❡❛❞ t♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ̂˜pα ♥♦ ❧♦♥❣❡r ❤♦❧❞s s✐♥❝❡ ✐♥ t❤❛t ❝❛s❡ P(p˜s) = 0✳ ❚♦ ♣r♦✈❡ t❤❛t p˜(α) ❛❝t✉❛❧❧②
❝♦♥✈❡r❣❡s t♦ p˜s✱ ✇❡ ♠✉st ♣r♦✈❡ t❤❛t p˜s ✐s t❤❡ ❧❛r❣❡st r♦♦t ♦❢ t❤❡ ❡q✉❛t✐♦♥ ❛❜♦✈❡✳ ❲❡ ♥♦t✐❝❡ t❤❛t
P′L(p˜s) = 2Υp˜
2
s − 2(Υ− 1)p˜s −
Υ− 1
Υ
Φ˜.
❍❡♥❝❡ P′L(p˜s) > 0 ✐s ❡q✉✐✈❛❧❡♥t t♦ p˜s > FL(Φ˜) ✇❤❡r❡
FL(Φ˜) :=
Υ− 1
Υ
1 +
√
1 + 2Φ˜Υ−1
2
.
✻❲❤✐❝❤ ❛r❡ t❤❡♠s❡❧✈❡s ✶st✲❞❡❣r❡❡ ♣♦❧②♥♦♠✐❛❧s ✇rt α ✐♥ t❤❡ ♣r❡s❡♥t ❝❛s❡✳
✸✺
❲❡ ❝❛♥ ❝❤❡❝❦ t❤❛t FL(Φ˜) < F#(Φ˜) ❢♦r ❛❧❧ Φ˜ > 0 ✕ s❡❡ ❆♣♣❡♥❞✐① ❈✳ ❍❡♥❝❡✱ ✉♥❞❡r ❍②♣✳ ✭✹✳✹✮✱ p˜s > FL(Φ˜)
❛♥❞ PL ✐s ♠♦♥♦t♦♥❡✲✐♥❝r❡❛s✐♥❣ ✐♥ t❤❡ ✈✐❝✐♥✐t② ♦❢ p = p˜s ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t p˜s ✐s t❤❡ ❧❛r❣❡st r♦♦t✳ ❚❤❡
❧✐♠✐t ♦❢ p˜(α) ✇❤❡♥ α→ L ✐s t❤✉s p˜s✿ t❤✐s ✐s ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡ ❢✉❧❧② ❧♦✇ ▼❛❝❤ ♥✉♠❜❡r ❝❛s❡ ❛♥❞ p˜
✐s ❝♦♥t✐♥✉♦✉s ❛t α = L✳
❋✐♥❛❧❧②✱ ✇❡ r❡♠❛r❦ t❤❛t ❊q✳ ✭✹✳✺✮ ❝❛♥ ❜❡ s❡❡♥ ❛s
P0(p˜α) + α× (ε11p˜α + ε0) = 0.
●✐✈❡♥ p ∈ (p˜s, p˜+e )✱ t❤✐s ❝❛♥ ❜❡ s❡❡♥ ❛s ❛♥ ✐♠♣❧✐❝✐t ❢✉♥❝t✐♦♥ ❢♦r α✳ ■t r❡❛❞s
α(p) = − P0(p)
ε11p+ ε0
.
❈ Pr♦♦❢ ♦❢ t❤❡ ✐♥❡q✉❛❧✐t② FL < F#
❲❡ r❡❝❛❧❧ t❤❛t F# ✐s ❞❡✜♥❡❞ ❜② ✭✹✳✹✮✳ ❋♦r φ ∈ (0,+∞)✱ ❜② sq✉❛r✐♥❣ t❤❡ ✐♥❡q✉❛❧✐t②✱ ✇❡ ♦❜t❛✐♥
FL(φ) ≤ F−(φ) ⇐⇒ 0 ≤
√
1 +
2φ
Υ− 1 ≤ 1 + 2
√
φ
2Υ− 1
⇐⇒
√
φ ≤ 2(Υ− 1)√2Υ− 1.
❍❡♥❝❡✱ ❢♦r Φ˜ ≤ Υ−1Υ
√
2Υ− 1 < 2(Υ− 1)√2Υ− 1✱ ✇❡ ❤❛✈❡ FL(Φ˜) < F−(Φ˜)✳
▲❡t ✉s s❤♦✇ t❤❛t FL(φ) < F+(φ) ❢♦r φ ∈
(
Υ−1
Υ
√
2Υ− 1,+∞)✳ ❚♦ ❞♦ s♦✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢✉♥❝t✐♦♥
f(x) =
Υ− 1
Υ
(
1 +
√
1 +
φ
(Υ− 1)x
)
x
s♦ t❤❛t FL(φ) = f
(
1
2
)
❛♥❞ F+(φ) = f
(
2Υ−1
3Υ−1
)
✳ f ✐♥❝r❡❛s❡s ♦✈❡r (0,+∞) ❛♥❞✱ ❢♦r Υ > 1✱ ✇❡ ❤❛✈❡
1
2 <
2Υ−1
3Υ−1 ✇❤✐❝❤ ❡♥❞s t❤❡ ♣r♦♦❢✳
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